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Abstract: S-matrix elements in flat space can be obtained from a large AdS-radius limit of
certain CFT correlators. We present a method for constructing CFT operators which create
incoming and outgoing scattering states in flat space. This is done by taking the flat limit of
bulk operator reconstruction techniques. Using this method, we obtain explicit expressions
for incoming and outgoing U(1) gauge fields. Weinberg soft photon theorems then follow from
Ward identites of conserved CFT currents. In four bulk dimensions, gauge fields on AdS can
be quantized with standard and alternative boundary conditions. Changing the quantization
scheme corresponds to the S-transformation of SL(2,Z) electric-magnetic duality in the bulk.
This allows us to derive both, the electric and magnetic soft photon theorems in flat space
from CFT physics.
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1 Introduction
Despite much progress in the understanding of quantum gravity in asymptotically Anti-de
Sitter spaces [1, 2], equally good insight into a holographic description of gravity in Minkowski
space is still elusive. In this note we report on results which aim to further clarify the
structure of holography in asymptotically flat space-times making use of the large radius
limit of AdS/CFT.
In the presence of gravity, diffeomorphism invariance makes it impossible to define lo-
cal correlation functions. In AdS space, gauge invariant observables can be defined at the
boundary, in the form of conformal correlators. Flat space has no such boundary. Instead,
the central object and only precise observable in flat space quantum gravity is the S-matrix.
At very early and late times, field excitations disperse and can be treated as essentially free.1
In these asymptotic regions, all long range forces including gravity can be turned off (up to
IR effects) and we can define the overlap between incoming and outgoing n-particle states,
which defines S-matrix elements. Understanding flat space holography would therefore mean
to have a prescription to calculate scattering amplitudes in a lower-dimensional theory.
In this paper, we will consider flat space as the large radius limit of Anti-de Sitter space.
It was argued already very shortly after the discovery of the AdS/CFT correspondence that in
this limit certain CFT correlation functions approach flat space S-matrix elements [3, 4]. This
has been elaborated upon in various works [5–9] and has found applications in the S-matrix
bootstrap program [10, 11].
The present paper has several goals. First, we give a more rigorous derivation of the
CFT operators whose correlation functions turn into S-matrix elements of scalar particles.
Our argument is an extension of previous work by one of the authors [12]. In [12] it was
observed that CFT operators which create scattering states for massive and massless bulk
fields can be derived in a unified fashion assuming HKLL bulk reconstruction [13] in global
AdS. The form of the CFT operators as the flat limit is taken then follows essentially from
symmetry considerations. Here, we will again use bulk operator reconstruction, but take
the flat space limit explicitly. This will give a formal derivation for flat space creation and
annihilation operators in terms of CFT operators smeared along the time-like direction. For
massless particles, the relevant contributions of those smeared operators are concentrated
around a particular value of global time. In the massive case, operators must be smeared
1This is not true in certain cases, most prominently if the particles live in four dimensions and couple to
long range forces. In that case the particles do not decouple completely which gives rise to infrared divergences.
However, several methods are known to extract finite scattering probabilities from IR divergent amplitudes.
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around complex points in the CFT. Acting with these operators on the vacuum creates
scattering states.
The method described above can be applied to fields with non-zero spin. As an ex-
ample, we derive operators which create scattering states of U(1) gauge bosons in terms of
smeared CFT operators. A gauge field on Anti-de Sitter space has multiple allowed bound-
ary conditions and the expression for creation and annihilation operators depends on those.
Quantization in AdS requires us to fix the boundary conditions of the magnetic or electric
field at the asymptotic boundary, which we will refer to as “magnetic” and “electric” quan-
tizations, respectively. For standard boundary conditions, which fix the magnetic field at
the boundary, we find that bulk photon creation operators can be expressed as a particular
smearing of a dual global U(1) current. For example, for the case of the creation operator of
an outgoing photon of negative helicity one finds
√
2ω~q a
†(−)
~q =
−1
4ω~q
1 + zq z¯q√
2
∫ π
0
dτ eiω~qL(
π
2
−τ)
∫
d2z
1
(zq − z)2 j
+
z¯ (τ, z, z¯), (1.1)
which takes the form of a U(1) current smeared over the boundary. Here, ω~q is the frequency
of the photon and (zq, z¯q) specify the photon’s direction. Conformal field theories associated
to different boundary conditions in AdS are related by a S transformation, which acts as
electric-magnetic duality in the bulk [14]. If instead of fixing the magnetic field, we fix the
electric field, the expression for creation/annihilation operators involves a CFT dynamical
U(1) gauge field. The expression equivalent to equation (1.1) now involves a boundary gauge
field inserted at a particular location on the boundary S2 and smeared over time,
√
2ω~q v
†(−)
~q =
1
4ωq
1 + zq z¯q√
2
∫ π
0
dτ eiω~qL(
π
2
−τ)∂τA+z (τ, zq, z¯q). (1.2)
These results allow to study how further properties of the S-matrix arise from CFT
correlation functions. One such property are Weinberg’s soft theorems [15]. Recently, a
lot of work has been devoted to understanding them as Ward identites of asymptotic gauge
transformations. For a review see [16]. Moreover, the soft theorems for gravity have been
proposed to play a role in resolutions to the black hole information paradox in flat space
[17]. Furthermore, it has been suggested that the asymptotic symmetry group of gravity in
asymptotically flat spacetimes [18, 19] plays an important role in the construction of a dual
theory [20]. In the present paper, we show that for the case of a U(1) gauge theory, Weinberg
soft theorems can be understood as arising from Ward identities of a CFT in the strict large
N limit.
The paper is organized as follows. In section 2 we give a formal derivation of CFT
operators which create flat space scattering states. This will give a formula for scattering
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amplitudes of massive and massless scalars in terms of CFT correlation functions. Section 3
discusses the two different quantization schemes for U(1) gauge fields in AdS4 and reviews
how they are related to SL(2,Z) transformations of the dual CFT. We derive expressions
for annihilation and creation operators for in and out-going photons for both quantization
schemes. Section 4 uses the results of previous sections to connect CFT Ward identities to
Weinberg soft theorems. We close with a discussion in section 5.
2 Scattering states revisited: Flat limit of AdS/CFT
In this section we reconstruct scattering amplitudes of a theory in asymptotically flat space-
times from the correlators of a conformal field theory in one lower dimension. This task
has been the subject of much work in the literature [4–7, 12, 21]. Here we will revisit and
re-phrase the argument in the language of path integrals, which are useful when discussing
holography. We will focus on the case of bulk scalar fields, leaving the discussion of gauge
theories for section 3.
2.1 Scattering amplitudes in flat space-time
S-matrix elements of a quantum field theory in asymptotically flat space-time can be written
as
〈out|in〉 =
φ|Σ+=φout∫
φ|Σ−=φin
Dφ eiS[φ] , (2.1)
where φ stands for the fields of the theory with action S[φ], and the path integral is constrained
by boundary conditions of such fields at very early and late Cauchy slices, which we will call
Σ±. These boundary conditions define the scattering states |in〉 and 〈out|. Figure 1 gives a
a pictorial representation of formula (2.1).
The objective of scattering theory is to compute the overlap of two different scattering
states. These are states of the full Hamiltonian H in the full Hilbert space H which asymp-
totically describe well separated particles. Such states are usually unavailable and one is
forced to simplify the problem by considering reasonable approximations to the full Hamil-
tonian at very early or very late times. The logic of asymptotic decoupling is that particles
at those times are very far away from each other and can be understood as non-interacting.
The asymptotic Hamiltonian Has approximating the dynamics in this case is free, and the
asymptotic Hilbert space Has takes the form of a Fock space. One thus needs to identify
vectors in the full Hilbert space that describe the states in the Fock space asymptotically.
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I+
I−
Σ+
φout
Σ−
φin
t
Figure 1: Penrose diagram of flat space. Boundary conditions for bulk field operators are
imposed at the early (late) time cauchy slices Σ±. The region of space-time before Σ− or
after Σ+ is characterized by an asymptotic Hamiltonian Has that we will consider to be free.
Technically, this amount to the construction of isometries implemented by Møller operators
Ω± which map states in H to states in Has ⊂ H. The S-matrix in this language would then
be S = Ω−Ω
†
+. For a more detailed discussion, see [22] and references therein.
In the language of path integrals, asymptotic decoupling amounts to boundary conditions
of the fields φ corresponding to freely propagating broad wave-packets at the slices Σ±.
For all practical purposes, those states are well-approximated by plane waves. In operator
language, an incoming scattering state describing a single scalar particle with four-momentum
p corresponds to a field profile given by the following operator valued distribution
lim
t→−∞φ(t, ~p) ∼ φin(t, ~p) ∼ limt→−∞
(
eitωp aˆ†in(~p) + e
−iωptaˆin(~p)
)
, (2.2)
where aˆin(~p) annihilates the vacuum. Acting with the in-field on the incoming vacuum creates
the state |~p〉 ∼ aˆ†(~p)|0〉 at the Cauchy slice Σ− and it is a single particle state in the asymptotic
Fock space. For out states, the story is analogous as t→∞. In this section, we will explain
how such states can be prepared using a flat limit of AdS/CFT.
2.2 Lorentzian AdS/CFT
The question we want to answer is how the path integral in equation (2.1) can be computed
in the context of a flat limit of AdS/CFT. In order to do so, we first briefly review holography
in AdS. We will be using global coordinates, for which the line element of empty AdS reads
ds2 =
L2
cos2 ρ
(−dτ2 + dρ2 + sin2 ρ dΩ2d−1) . (2.3)
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The coordinate ρ is holographic, in the sense that the boundary CFT is located at ρ = π2 .
The coordinates parametrising the CFT are x = {τ,Ωd−1}, and L denotes the AdS radius.
In order to point out a crucial difference between the two choices of signature, we first
review Euclidean AdS holography. The AdS/CFT conjecture is an equality relating the
generating functional of the correlators of the conformal field theory and a Euclidean path
integral of bulk fields with specified boundary conditions. For a bulk field Φ with boundary
condition
Φ −−−→
ρ→π
2
(cos ρ)d−∆φE , (2.4)
the statement of the duality reads
〈e−
∫
∂AdS φEO〉 =
∫
[DΦ]φE e−SE [Φ] , (2.5)
where [DΦ]φE indicates that the path integral is over field configurations with asymptotic
behavior 2.4. In the semi-classical limit, the bulk path integral can be computed in a sad-
dle point approximation. Once the boundary conditions φE are chosen, the saddles of the
action are completely determined. The situation is different in Lorentzian signature [23], as
conditions in the Lorentzian boundary do not fully specify the saddles of the action.
In the Lorentzian signature path integral, the bulk field Φ is integrated with a boundary
condition φ0(x) at the boundary. Such boundary condition corresponds to a source in the
CFT, which couples to a dual operator O(x) with conformal dimension ∆. In a semi-classical
approximation, and unlike in Euclidean signature, the saddles of the action are however not
completely determined by the boundary condition. The general structure of the field solution
reads
Φ = φ˜(ρ, x) + φ(ρ, x) , (2.6)
where we have split the field into pieces with different fall-off at the AdS boundary
φ˜(ρ, x) −−−→
ρ→π
2
(cos ρ)d−∆φ0(x) , and φ(ρ, x) −−−→
ρ→π
2
(cos ρ)∆φ(x) . (2.7)
The part of Φ that asymptotes to φ0 is commonly known as the non-normalizable part of
the field, while the subleading structure φ(ρ, x) is known as the normalizable part and cap-
tures the remaining degrees of freedom not fixed by the boundary condition2. The modes
of normalizable solutions are low energy excitations of space-time and can be thought of as
2 Even though we will refer to the source part of the bulk field as the non-normalizable modes and the
state part of the field as the normalizable modes, for the range of bulk mass −d2/4 < m2 < 1 − d2/4, both
sets of modes are normalizable, and some criterion is needed to distiniguish them [24]. We will revisit these
statements more carefully in section 3.1
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spanning the low energy Hilbert space of the boundary theory. At the microscopic level, we
regard φˆ(ρ, x) as a quantized operator that will match O(x) at the boundary as
φˆ(ρ, x) −−−→
ρ→π
2
(cos ρ)∆O(x) . (2.8)
Note that here O(x) is the CFT operator and not just its expectation value. The fact that
the normalizable field is not completely determined by the boundary conditions allows us to
specify an incoming and an outgoing state in AdS by specifying a field profile at some Cauchy
slices ΣAdS± in the bulk. This in turn also specifies a particular state in the CFT. Throughout
this paper, one of the issues we will discuss is precisely how to construct CFT states 〈φin|
and |φout〉 so that
〈φin|ei
∫
∂AdS
φ0(x)O(x)|φout〉 =
φ|
ΣAdS+
=φout∫
φ|
ΣAdS−
=φin
[DΦ]φ0 eiS(φ) ≡ Z[φ0;φin/out] . (2.9)
Before we do so, let us contrast our approach to an existing way to construct CFT excited
states in the context of real time AdS/CFT; The Skenderis-van Rees framework (SvR) [25, 26].
In their formalism, the states of the CFT are prepared using a Euclidean path integral at the
boundary, which can be shown to correspond to preparing coherent states in the AdS Fock
space [27]. For a picture, see figure 2. Explicitly, the conjecture in this language reads
〈Ψf |ei
∫
∂AdS d
dx φ0(x)O(x)|Ψi〉 =
∑
φin/out
Ψf [φout]
∗Z[φ0;φin/out]Ψi[φin] . (2.10)
Here, Z[φ0;φin/out] is defined in equation (2.9) and represents the bulk Lorentzian path in-
tegral with boundary conditions φ0 for the non-normalizable part of the field, and boundary
conditions φin/out that fix the normalizable part of the field at Cauchy slices Σ
AdS± . In the
case of incoming states, we glue the Lorentzian space-time at ΣAdS− to a Euclidean manifold
M−. The state is then specified by a boundary condition of the bulk field at ∂M−. The
wave functional which defines the incoming state thus reads
Ψi[φin] ≡ 〈φin|Ψi〉 =
∫ φin
0
[DΦ]φie−SM− [Φ] . (2.11)
Here, φi is a boundary condition for the non-normalizable part of the field at the Euclidean
boundary ∂M−. At Euclidean infinite past, the field is set to zero, while φin is the boundary
condition for the field at ΣAdS− . The CFT state dual to this prescription corresponds to [27]
|Ψi〉 = e−
∫
∂M−
Oφi |0〉 . (2.12)
Expanding O in creation and annihilation operators shows that |Ψi〉 is a coherent state.
Throughout this work, the type of states we are interested in are not coherent. They are
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ΣAdS+
ΣAdS−
τ = −π2
τ = +π2
τ
ρ
(a)
∂M−
∂M+
(b)
Figure 2: a) Penrose diagram of Anti-de Sitter space. Boundary conditions for normalizable
bulk field operators can be imposed at the Cauchy slices ΣAdS± . The bulk path integral com-
putes (2.9). b) Gluing Lorentzian AdS to Euclidean half-spheres M± and placing boundary
conditions for the bulk field at ∂M± yields the SvR prescription of formula (2.10). This
corresponds to a CFT expectation value involving coherent states.
multi-particle asymptotic states in a flat space geometry. In order to construct such states,
we will use an alternative procedure that does not rely on Euclidean path integrals. Instead
we will consider states |φin〉 (and 〈φout|) which are created by bulk operators acting on the
vacuum of the theory. Using a bulk operator reconstruction method, we will be able to
construct such states as operators in the CFT acting on the vacuum.
2.3 Flat limit of AdS/CFT
Having laid out the statement of AdS/CFT, we now explain how to perform a flat limit. At
the level of the geometry, we need to take the AdS radius large such that the line element
(2.3) becomes that of Minkowski space. The explicit limit reads τ = t/L and ρ = r/L so that
ds2 −−−−→
L→∞
−dt2 + dr2 + r2dΩ2d−1 . (2.13)
The operation can be regarded as zooming into the center region of AdS, where the geometry
is locally flat. One can now think of AdS Cauchy slices Σ′± that match the slices Σ± in
Minkowski space, but extend in AdS space as shown in figure 3. In order to compute the
S-matrix amplitude in Minkowski space, we need to choose the states at the slices Σ±. In
AdS, this can be achieved by exciting normalizable modes at Σ′±.
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Σ′+
Σ′−
ΣAdS+
ΣAdS−
τ ρ
Figure 3: Section of the global AdS cylinder. The region inside the diamond corresponds
to τ = t/L and ρ = r/L which turns flat as L is taken to infinity. The Cauchy slices Σ′±
extend the Minkowski slices Σ± to global AdS space. Specifying a state on Σ′± specifies a
state in the conformal field theory, in the Cauchy slice Σ′± ∩ ∂AdS. Alternatively, we can
invoke asymptotic decoupling and use a free Hamiltonian in AdS to time evolve our fields to
the Cauchy slices ΣAdS± . This would yield the computation of formula (2.9) with vanishing
source (φ0 = 0), which is drawn in figure 2 a).
We thus conclude that the S-matrix element in flat space is computed by a large L limit
of a CFT expectation value like the one appearing in equation (2.9). The last ingredient we
need is a way to construct the CFT states |φin〉 and 〈φout| in terms of the field associated to
a scattering state in Σ±. For this, we will look for an operator φˆin such that
φˆin|0〉 = |φin〉 . (2.14)
We then need to recast the operator φˆin defined on the Cauchy slice Σ− deep in the bulk in
terms of a CFT operator at the boundary. Once this is done, the resulting S-matrix element
will simply read
〈out|in〉 = lim
L→∞
〈0|φˆoutei
∫
ddxφ0(x)O(x)φˆin|0〉φ0=0 . (2.15)
In the following section we will explicitly construct φˆin/out in the CFT.
2.4 Global reconstruction of scalar operators in AdS/CFT
In the previous section we have explained how the S-matrix amplitude of a physical process
in flat space-time can be computed by taking a flat limit of a CFT correlator. The operators
in the CFT correlators are boundary representations of bulk operators living in late/early
time slices of the Minkowski geometry, which is placed deep inside the bulk geometry. We
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will place the scattering region at τ = 0 at the center of global AdS. The bulk operator has
been argued to be free in virtue of the assumption of asymptotic decoupling. This means
that before and after the scattering region, a scalar operator must obey the Klein Gordon
equation on AdS, (∇2 −m2) φˆ = 0 , with m2L2 = ∆(∆ − d) . (2.16)
The operator has also been argued to be associated to normalizable modes of bulk fields, and
so it has the following fall-off behavior
φˆ(ρ, x) −−−→
ρ→π
2
(cos ρ)∆O(x) . (2.17)
The problem of reconstructing such an operator in the CFT has been analyzed extensively in
the literature. In this paper we will use the HKLL reconstruction method [13]. A nice feature
of the HKLL method is that it allows to reconstruct bulk operators as operators in a region
of the CFT covering the whole boundary in any global time interval of length ∆τ = π. We
will choose our scattering region to be around around the center of AdS at τ = 0, such that
all excitations are far separated unless they are in a small intervall of size ǫ ∼ O(L)−1 around
τ = 0. Since the timelike geodesics emanating from the scattering region will come close
again after time π, the region of validity for the free field expansion is limited to τ = (ǫ, π− ǫ)
for out-fields and τ = (−π + ǫ,−ǫ) for in-fields. For a picture of this set-up, see figure 4.
The details of the HKLL reconstruction method applied to scalars can be found in [13]
and have been summarized in appendix B. The structure of the result in AdS4/CFT3 reads
φˆin/out(ρ, x) =
1
π
∫
T
dτ ′
∫
d2Ω
[
K+(ρ, x;x
′)O+(x′) +K−(ρ, x;x′)O−(x′)
]
, (2.18)
where K± are kernels obeying the Klein-Gordon equation and asymptote to a delta function
at the boundary, while O± are the positive/negative frequency modes of the operator O. The
regions of integration are T = (−π, 0) for incoming and T = (0, π) for outgoing states (see
figure 4). The explicit form of the kernels reads
K±(ρ, x;x′) =
1
NK,∆
∑
κ∈Z
∞∑
l=0
m=l∑
m=−l
e±iωκ,l(τ−τ
′)Y ml (Ω)Y
m
l (Ω
′)∗ sinl ρ cos∆ ρ
× 2F1
(
−κ, l +∆+ κ;∆ − 1
2
∣∣∣ cos2 ρ) ,
(2.19)
where ωκ,l = ∆+ l+2κ are the normalizable modes of a scalar field in AdS, and the normal-
ization is given in (B.13). In the next subsection, we will take a flat limit of equation (2.18)
and extract creation/annihilation operators in Minkowski space.
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ΣAdS−
Σ
φˆout
φˆin
τ = π
τ = −π
ΣAdS+
Figure 4: The bulk field φˆ(x) is placed inside a scattering region around the center of global
AdS. The local operator can be reconstructed semi-classically in the boundary using HKLL.
For the incoming field, the reconstruction involves the shaded blue part of the boundary
spanning τ ∈ (−π, 0). For the outgoing field, we choose the shaded red region spanning
τ ∈ (0, π).
The limit is different depending on whether the field is massive or massless. The reason
for this is that the mass and the conformal dimension of the dual operator are related by
m2L2 = ∆(∆− d) . (2.20)
In the large L limit, a massive field in flat space will arise if ∆ also scales with L as ∆ = mL.
If otherwise ∆ ∼ O(1), then in the flat limit the mass will vanish as m2 → ∆(d−∆)/L2 → 0.
For simplicity, we will simply choose ∆ = d for the case of massless fields, such that the bulk
operator is not just massless in the flat limit, but is exactly massless in anti-de Sitter space.
2.4.1 Flat limit of HKLL operator: Massless
We start with the expression for a scalar bulk operator in AdSd, formula (2.18) with ∆ = d.
A scalar bulk operator in Minkowski space can then be obtained by taking the flat limit. This
is done by reparametrizing the bulk coordinates (ρ, τ,Ω) by
ρ =
r
L
, and τ =
t
L
, (2.21)
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before sending L to infinity. Inside the Minkowski region, at very early/late times, we expect
the field to be free due to asymptotic decoupling. This means that the field operator must
have a representation as
φˆ(x) =
∫
d3~p
(2π)3
1√
2ω~p
(
aˆ~pe
ip·x + aˆ†~pe
−ip·x
)
, with x ∈ Mink3+1 . (2.22)
The creation/annihilation operators appearing here obey canonical commutation relations
[a~p, a
†
~k
] = (2π)3δ(3)(~p− ~k) . (2.23)
Since the decomposition of φˆ(x) can be done at early and late times, there exist two sets of
creation and annihilation operators, one for early and one for late times. They span the in-
and out-scattering Fock spaces. Scattering states can be prepared as follows,
|~k, in〉 =
√
2ω~k aˆ
†
in,~k
|0〉 , and 〈~p, out| = 〈0|√2ω~p aˆout,~p . (2.24)
The creation/annihilation operators can be extracted from the position space field operator
via
aˆin/out,~p = lim
t→∓∞
i√
2ω~p
∫
Σ
d3~x e−ip·x
←→
∂0 φˆ(x) ,
aˆ†in/out,~p = limt→∓∞
−i√
2ω~p
∫
Σ
d3~x eip·x
←→
∂0 φˆ(x) .
(2.25)
where
←→
∂ 0 =
−→
∂ 0−←−∂ 0. In order to represent these operators in the conformal field theory, we
simply have to apply formulas (2.25) to the HKLL operator (2.18) placed in the Minkowski
scattering region (2.21).
The first step is to write the HKLL operator in the scattering region. The replacement
τ = t/L in the large L limit yields stationary solutions unless ωκ,l scales with L. This means
that fluctuating modes in Minkowski space arise from AdS modes with large values of κ. We
will thus define
∆ + l + 2κ ≡ wL . (2.26)
In the large L limit, the sum over κ can be traded for an integral over w and the discrete
spectrum of scalar field fluctuations in AdS becomes a continuum in the flat limit. The HKLL
kernels can now be written explicitly in the Minkowski scattering region
Kin,±(r, t,Ω;x′) =
i
√
3
π2L
∫
dw
w
e±iwteiwL(∓(τ
′+π
2
))
∑
l,m
Y ml (Ω)Y
m
l (Ω
′)∗ (∓i)−ljl(wr) ,
Kout,±(r, t,Ω;x′) =
(−i)√3
π2L
∫
dw
w
e±iwteiwL(∓(τ
′−π
2
))
∑
l,m
Y ml (Ω)Y
m
l (Ω
′)∗ (±i)−ljl(wr) .
(2.27)
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The Bessel functions arise from the flat limit of the hypergeometric functions appearing in
the AdS Kernels. Applying now (2.25) together with
ei~p·~x = 4π
∑
l′,m′
il
′
jl′(ω~pr)Y
m′
l′ (pˆ)Y
m′
l′ (Ω)
∗ , (2.28)
the final result reads
√
2ω~p ain,~p =c−
∫ 0
−π
dτ eiωpL(τ+
π
2 )O− (τ,−pˆ) ,
√
2ω~p a
†
in,~p =c+
∫ 0
−π
dτ e−iωpL(τ+
π
2 )O+ (τ,−pˆ) ,
√
2ω~p aout,~p =c+
∫ π
0
dτ eiωpL(τ−
π
2 )O− (τ, pˆ) ,
√
2ω~p a
†
out,~p =c−
∫ π
0
dτ e−iωpL(τ−
π
2 )O+ (τ, pˆ) ,
(2.29)
where pˆ is the angle of the momentum ~p, and −pˆ stands for its anti-podal. We have also
defined an over-all constant c± = ±i
√
24
Lω2p
. Note that the integrals over global time here
are highly oscillatory as L → ∞ unless operators are placed in windows of size O(1/L) at
τ = ±π2 . This suggests that we can think of the operators as being placed in small windows
of global time at the CFT boundary, at angular locations determined by the direction of the
particle’s momentum. Equation (2.29) is precisely the prescription presented previously in
the literature [10, 12], which we have derived here from first principles. For basic sample
calculations using formula (2.29), see appendix F.
2.4.2 Flat limit of HKLL operator: Massive
In the case of massive scalar operators, the calculation is very different due to the fact that
the conformal dimension of the CFT operator now scales with L such that
m2L2 = ∆(∆− d) , ⇒ ∆ = d
2
+mL+O(L)−1 . (2.30)
Like in the massless case, we will also need the AdS quantum number κ to be large in order
to obtain fluctuating modes in flat space. We thus have
∆ + l + 2κ = wL . (2.31)
The positive frequency kernels for in- and out-fields in the flat limit now read
K
out/in
+ (r, t,Ω;x
′) =
1
2π
(
ML
π3
) 1
4
L
∫
dw eiwt k
(
2m
(±i)k
)mL+ 1
2
eiwL[
π
2
+ i
2
log(w+mw−m )∓τ ′]
×
∑
l,m
Y ml (Ω)Y
m
l (Ω
′)∗ (±i)−ljl(kr) ,
(2.32)
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where we have defined
k ≡
√
w2 −m2 . (2.33)
The kernels for negative frequencies can be obtained by conjugation. Plugging this expression
in our formula of the HKLL operator and performing the Minkowski space coordinate integrals
in 2.25 yields for the out-state creation operator,
√
2ω~paˆ
†
out,~p = c−(L,m, |~p|)
∫ π
0
dτ ′e
iω~pL
[
π
2
+ i
2
log
(
ω~p+m
ω~p−m
)
−τ ′
]
O+(τ ′, pˆ) , (2.34)
where we have defined
c±(L,m, |~p|) = 1
2π
(
mL
π3
) 1
4
(
2m
(∓i)|~p|
)mL+ 1
2
L. (2.35)
The annihilation operator can be obtained from this expression by complex conjugation. The
expressions for the in-state operators are obtained analogous to the massless case by changing
the integration region to (−π, 0), changing the sign of π2 in the phase as well as c+ ↔ c−,
and replacing pˆ → −pˆ. Note that in the large L limit, the real part of the exponential only
vanishes, if
Im
(
τ ′
)
=
1
2
log
(
ω~p +m
ω~p −m
)
. (2.36)
It is therefore convenient to move the τ contour such that it runs along this value in the
complex plane. Again, the integrand contains an exponential which highly oscillates as L is
sent to infinity. This focuses the integral around a window of size O(1/L) at Re(τ ′) ∼ π2 . We
conclude that creation operators in Minkowski space can be understood as large L limits of
operators with large conformal dimension placed in a conformal field theory at a complex value
of global time3. In the language of previous sections, such values of global time parametrize
the Euclidean half spheres ∂M± drawn in figure 2.
2.5 Mapping of asymptotic regions
Formulas (2.29) and (2.34) allow for an identification of regions of the boundary CFT with the
different asymptotic regions of Minkowski space-time. The oscillatory nature of the integrand
in formula (2.29) suggests that light operators placed at small windows of global time around
±π2 correspond to massless particles in flat space. This region of the CFT plays the role of
null infinity I±. Throughout the text, we will thus refer to these CFT regions as I˜±. The
metric of the CFT in one of these fringes reads
τ =
π
2
+
u
L
⇒ ds2I± = L2
(−dτ2 + dΩ2) = −du2 + L2dΩ2 . (2.37)
3This was shown less rigorously in [12] by one of the authors.
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In the large L limit, this metric resembles the metric of asymptotic null infinity where u plays
the role of retarded time.
Equation (2.34) for massive scattering states also contains a highly oscillatory factor
that suggests that heavy operators (∆ ∼ L) are located at complex values of global time
τ = ±π2 + iτ˜ . This complexified region of the CFT plays the role of time-like infinity i±.
These regions have appeared in the text before (see figure 2), and we have denoted them by
∂M±. At the level of the metric, we have
ds2∂M± = L
2
(−dτ2 + dΩ2) = L2 (dτ˜2 + dΩ2) . (2.38)
This metric can be written more suggestively by changing coordinates to
R =
1
sinh τ˜
, (2.39)
such that the line element is now
ds2∂M± = L
2
(
dR2
R2(1 +R2)
+ dΩ2
)
. (2.40)
This metric is conformal to the metric of H3 slices of Minkowski space-time used in [28–30],
and can be regarded as the metric of flat space at future/past infinity. Indeed, the special
values of imaginary τ where operators must be placed in the CFT written in formula (2.36)
correspond to precisely the values of R that massive particles propagating in flat space pierce
at i±. Namely,
R =
√
ω2~p −m2
m
=
|~p|
m
. (2.41)
The region in between τ = ±π2 can be understood as space-like infinity i0. For a picture of
the structure analyzed in this section, see figure 5.
Alternatively, we can interpret the operators discussed in this work as operatos in the
celestial sphere. They take the form of Fourier transformations of local CFT operators. For
example in the massless case we can formally define operators on the celestial sphere as
Oω(pˆ) ∼ lim
L→∞
1
L2ω2
∫ ∞
−∞
du e±iωuO
(u
L
± π
2
, pˆ
)
. (2.42)
This has some structural similarities with other proposals in which flat space holography is
implemented by an infinite family of operators on the celestial sphere [28, 31, 32].
3 Photon scattering states
In this section we discuss how photon scattering states can be constructed in the flat limit
of AdS/CFT. Assymptotic decoupling implies that photons obey the free Maxwell equation
– 15 –
∂M−
I˜−
I˜+ τ = π2
τ = −π2
∂M+
(a)
i−
I+
i+
I−
i0
(b)
Figure 5: The red fringe of global time can be parametrized by τ = π2 +
u
L , where u plays
the role of retarded time at future null infinity I+. Similarly, the blue fringe parametrizes
past null infinity I−. In the main text, we refer to these regions as I˜±. The shaded caps are
analytic continuations of the boundary CFT in the imaginary direction of global time, and
they play the role of future/past infinity i±. In the main text we refer to these caps as ∂M±.
The rest of the CFT can be interpreted as space-like infinity. As an example, an outgoing
massless particle in flat space can be contructed in AdS/CFT by smearing an operator over
a fringe of global time at I+.
at early and late times. For the purpose of constructing scattering amplitudes, it is therefore
sufficient to discuss the reconstruction of free gauge fields in AdS. This will be done explicitly
in sections 3.3 and 3.4. In section 3.5 we will discuss the backreaction of charged particles on
the gauge field, which will play a role when discussing Ward identities.
Like in the scalar case, we need to understand how bulk path integrals in the presence of
gauge fields compute generating functionals of CFT correlators. In the case of gauge fields,
the problem becomes more subtle. In general, the solution to the field equations consists of
two types of solutions which are characterized by their fall-off behavior at the asymptotic
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boundary. In the case of gauge fields both types of solutions fall off fast enough to be
normalizable. The duality thus admits different formulations depending on what conditions
we choose to impose at the boundary. This leads to a rich and interesting amount of physics,
some of which we will discuss throughout this section.
3.1 Inequivalent quantization schemes of scalar fields in AdS
Before considering gauge fields, we start by briefly reviewing the analogous scenario involving
scalar fields. The issue of having two types of solutions which are both normalizable is also
present in the case of scalar fields for a particular range of bulk masses [33]. In the range
1− d
2
4
> m2L2 > −d
2
4
, (3.1)
there are two inequivalent ways to quantize a scalar field in AdS. The general solution for a
scalar field close to the boundary of AdS reads
φ(ρ, x) −−−→
ρ→π
2
(cos ρ)∆+α(x) + (cos ρ)∆−β(x) . (3.2)
Outside the mass range (3.1), the mode associated to β(x) is non-normalizable due to its
behavior close to the AdS boundary. This leads to the “standard” construction of section 2,
where β(x) becomes a non-dynamical source at the boundary that we called φ0(x). Otherwise,
when the bulk mass is in the range (3.1), we could instead choose to fix α(x) at the boundary,
and quantize the part of the field that asymptotes to β(x). This leads to a holographic
correspondence with a different conformal field theory [34]. More precisely, if we fix α(x) at
the boundary, the CFT contains an operator of conformal dimension ∆+. If instead we fix
β(x), then the CFT contains an operator with conformal dimension ∆−. These two theories
are related by renormalization group flow [35, 36]. The theory with an operator O∆− can be
deformed by the relevant operator O2∆− , leading to a mixed boundary condition of the form
α = fβ.
An interesting fact is that the two different conformal field theories are related by a
Legendre transformation [34]. In this case, the CFT with non-dynamical source α(x) = J(x)
is modified by making J(x) dynamical and coupling it to a new background source J ′(x). The
resulting CFT path integral corresponds to the bulk theory with the alternative boundary
conditions β(x) = J ′(x).
The take-away message from this discussion is that different choices of boundary con-
ditions for our bulk fields lead to different conformal field theories that are related by a
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Legendre transformation. This is also the case for gauge fields, in which the relation be-
tween the two different boundary theories can be understood in the bulk as the statement of
electric-magnetic duality.
3.2 Electric-magnetic duality and SL(2,Z) action on CFT3’s
Let us now turn to the case of a bulk theory with U(1) gauge symmetry. As we will now
review, there are an infinite number of such theories mapping onto each other under SL(2,Z)
transformations, which are an extension of electric-magnetic duality [37]. In terms of the dual
description, the SL(2,Z) relates different conformal field theories, similar to the scalar case
discussed above.
Consider a general solution for a gauge field in AdS4 with boundary behavior
Aµ(ρ, x) −−−→
ρ→π
2
(cos ρ)1αµ(x) + (cos ρ)
0βµ(x) . (3.3)
We could choose to fix βµ(x) = Aµ(x) at the boundary, which introduces a non-dynamical
source Aµ(x) in the CFT. In this case αµ(x) corresponds to the finite energy bulk excitations
spanning the low energy Hilbert space. Bulk path integrals now correspond to a generating
functional of CFT correlators where the source Aµ(x) couples to a conserved current operator
jµ(x) with conformal dimension ∆j = d− 1 = 2. Note that this boundary condition fixes the
magnetic component of the gauge field at the boundary Mi =
1
2ǫabcF
bc. We will thus refer to
these boundary conditions as “magnetic”.
Another possibility is to fix the value of the electric field at the boundary Ea = Fρa
in order to obtain “electric” boundary conditions. This corresponds to fixing a boundary
value of αµ(x) = Bµ(x), while βµ(x) is allowed to fluctuate. In this case, the conformal
theory couples the source Bµ(x) to a conserved current constructed out of an operator with
conformal dimension ∆A = 1, which can be understood as a dynamical gauge field in the
conformal theory.
The inequivalent CFTs described here are related through RG flow like in the scalar case
[38]. There is also a relation involving the S-transformation [37] of SL(2,Z). This is similar to
the Lagrange transform that relates the two conformal theories dual to different quantization
schemes for a bulk scalar field (see section 3.1 above). The S-transformation acts as follows.
We start with a CFT with Lagrangian L(φ) and global U(1) symmetry. Here, φ stands for a
field in the CFT. Such a Lagrangian is sourced by the magnetic boundary condition,
L′(φ) = L(φ) +Aµjµ , (3.4)
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where jµ is the current operator associated to the global U(1) symmetry. CFT path integrals
involving this Lagrangian compute bulk path integrals with magnetic boundary conditions,
〈ei
∫
∂AdS d
3xAµjµ〉CFT =
∫
[DA]Aµ eiS[A] . (3.5)
where for simplicity we have omitted the specification of in/out CFT states and the corre-
sponding conditions for bulk fields at space-like Cauchy slices. The S-transformation of the
conformal theory consists of regarding the background connection Aµ as dynamical. A cur-
rent j˜µ = ǫµνρ∂νAρ can then be introduced and coupled to a new background field Bµ, such
that the CFT Lagrangian reads
L(φ,A) = L(φ) +Aµjµ +Bµj˜µ . (3.6)
Path integrals involving this Lagrangian will now compute bulk path integrals involving the
electric boundary conditions Bµ described above, instead of the magnetic ones [39]. Explicitly,
we can write
〈ei
∫
∂AdS d
3xBµ j˜µ〉CFT =
∫
[DV]Bµ eiS
′[V ] , (3.7)
where the path integral in the CFT runs over Aµ, and the bulk action S
′[V] is the same as
S[A] but with coupling e˜ = 4π/e. As shown in [39], gauge fields with magnetic and electric
boundary conditions are related through Hodge duality. The gauge connection with magnetic
boundary conditions A is related to the gauge connection with electric ones V by
(FA)µν = e
2
8π
ǫµνρσ(FV)ρσ . (3.8)
Alternatively, the above can be understood as fixing the boundary condition to be of magnetic
type and making a choice as to whether the gauge potential of the field strength or that of
the dual field strength are related to simple local operators in the boundary theory.
The full SL(2,Z) is the natural extension of the above. In terms of boundary conditions,
the SL(2,Z) theory relates magnetic boundary conditions to more general, Robin-type ones.
In terms of the relation of bulk degrees of freedom, it acts as a map between gauge potentials
which are related to simple operators in the boundary theory. In the following, we will only
be interested in magnetic and electric boundary conditions, i.e., the electric-magnetic duality
subgroup of SL(2,Z) generated by S.
3.3 Flat limit: Magnetic boundary conditions
In this section we will explore the standard choice of boundary conditions for the bulk gauge
field, where we fix the magnetic field at the boundary to zero. Setting βµ(x) = 0 means
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there is no magnetic field at the boundary, which forbids the existence of bulk magnetic
charge. In a flat limit, we thus expect to recover a theory of electromagnetism without
magnetic monopoles. We will follow the same logic as in the scalar case of section 2. The
boundary conditions on the holographic boundary determine the source, while boundary
conditions at Cauchy slices Σ± specify a choice of CFT state. Instead of constructing scalar
creation/annihilation operators, we now construct photon operators.
Like in the scalar case, we will invoke the principle of asymptotic decoupling, which
implies that our quantum fields are free away from the scattering region. In this section,
we will study the radiative part of the gauge fields, and relegate coulombic contributions to
section 3.5. Free U(1) gauge fields in Minkowski space can be written as follows
Aˆµ(x) =
∫
d3~q
(2π)3
1√
2ω~q
∑
λ=±
(
ε(λ)µ aˆ
(λ)
~q e
iq·x + ε(λ)∗µ aˆ
(λ)†
~q e
−iq·x
)
, with x ∈Mink3+1 . (3.9)
In this expression λ stands for the two different polarizations, and ε
(λ)
µ are null polarization
vectors. We will be working in Lorenz gauge, so εµq
µ = 0, and we normalize these vectors
such that ε
(+)
µ ε(−),µ = 1. Creation and annihilation operators can thus be extracted from the
position space field using
aˆ
(λ)
~q = limt→±∞
i√
2ω~q
∫
d3~x (ε(λ),µ)∗e−iq·x
←→
∂0 Aˆµ(x) ,
aˆ
(λ)†
~q = limt→±∞
−i√
2ω~q
∫
d3~x ε(λ),µeiq·x
←→
∂0 Aˆµ(x) ,
(3.10)
where t → ±∞ for out- and in-states, respectively. In order to write these expressions in
terms of CFT operators, we need an expression for the operator Aˆµ(x) in the asymptotic
parts of the Minkowski scattering region located deep inside the bulk. In the scalar case we
achieved this using HKLL reconstruction. The same can be done for gauge fields. In [40],
a representation of bulk gauge fields in the AdS Poincare´ patch was derived. Here we are
interested in results in global AdS. The reconstruction of a Maxwell field in global AdS is
given in appendix C, and to our knowledge has not been presented previously. We quote the
main results here. As explained above, our gauge field with magnetic boundary conditions
is dual to a current operator in the CFT. In this section however, we are only taking the
radiative part of the field into account, in line with scattering theory. This means that the
dual operator is not the full current, but only its radiative part, which we could denote by
jRµ . In order to avoid cluttering of notation, we will simply write jµ in what follows. We thus
look for a field operator with boundary behavior
Aµ(ρ, x) −−−→
ρ→π
2
cos ρ jµ(x) , (3.11)
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up to a normalization constant which depends on the normalization of the CFT current two
point function. It can be written in Lorenz gauge as
Aµ(ρ, x) = 1
π
∫
T
dτ ′
∫
d2Ω′
[
KVµ (ρ, x;x
′)ǫτ ′ab∂ajb(x′) +KSµ (ρ, x;x
′)∂aja(x′)
]
+ h.c . (3.12)
Here, the Latin indices run over the spatial coordinates of the S2. The explicit form of the
kernels KV and KS can be found in appendix C. The reconstruction region T is τ ∈ (−π, 0)
for incoming and τ ∈ (0, π) for outgoing particles. We now take the flat limit by placing the
gauge field in the Minkowski scattering region
τ =
t
L
, and ρ =
r
L
, with L→∞ . (3.13)
Like in the scalar case, finite energy states in Minkowski space correspond to large AdS
quantum numbers. The reconstructed operator in the large L limit becomes
Aµ =− 1
8π
∫
d3x′
∫
dk
∑
l,m
Y ml (Ω
′)∗
−l(l + 1)e
ikL(π2−τ ′)eikt
[
ǫ abτ ′ ∇aj+b (x′)
(
~r × d
d~r
)
+
i
k
∇aj+a (x′)~∇×
(
~r × d
d~r
)]
i−ljl(kr)Y ml (Ωˆ)
+ h.c .
(3.14)
This formula now constructs a position space gauge field in the Minkowski scattering re-
gion. This result can then be inserted into equation (3.10) to obtain expressions for photon
creation/annihilation operators. After a bit of fun algebra, we obtain
√
2ω~q ε
(λ)
µ a
†(λ)
~q =−
1
8ωq
∫
d3x′ eikL(
π
2
−τ ′)
[
ǫ abτ ′ ∇aj+b (x′)Xµ −∇aj+a (x′)Yµ
]
, (3.15)
where we have defined the four-vectors
X =
(
~q × d
d~q
)
G(Ω′, qˆ) , and Y =
[(
~q × d
d~q
)
G(Ω′, qˆ)
]
× ~q
ωq
. (3.16)
Here, the distribution G(Ω′, qˆ) is the Green’s function associated to the Laplace operator on
the S2. The result can be written in much simpler form by integrating by parts along the
sphere. We will be using a complex parametrization of the coordinates on S2, as explained
in appendix A. In these coordinates, the direction of the momentum of the photon is given
by (zq, z¯q). For out state creation operators, the final result is
√
2ω~q a
†(−)
~q =
−1
4ωq
1 + zq z¯q√
2
∫
dτ ′ eiω~qL(
π
2
−τ ′)
∫
d2z′
1
(zq − z′)2 j
+
z¯′(τ
′, z′, z¯′) ,
√
2ω~q a
†(+)
~q =
−1
4ωq
1 + zq z¯q√
2
∫
dτ ′ eiω~qL(
π
2
−τ ′)
∫
d2z′
1
(z¯q − z¯′)2 j
+
z′(τ
′, z′, z¯′) .
(3.17)
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The annihilation operators, as well as the operators acting on the in-state Fock space can
again be obtained by using the prescription given below (2.34). The factor c that appeared
in equation (2.34) is set to 1, which fixes the normalization of the current in the CFT. We
conclude that asymptotic photon scattering states can be prepared in Minkowski space by
smearing current operators over the sphere as in the formulas above. Like in the massless
scalar case, the integrals appearing in (3.17) are focused around a small window of global
time at τ ′ = π2 . This again shows how this window acts like asymptotic null infinity of flat
space that is pierced by photons in scattering experiments in flat space-time.
3.4 Flat limit: Electric boundary conditions
In the previous subsection we have argued that one can set up scattering events involving
photons in flat space by considering the flat limit of the dual of a holographic conformal field
theory and smearing conformal currents over the sphere. As explained in section 3.2, we
have made use of magnetic boundary conditions in AdS that forbid the existence of magnetic
charges in the bulk. In this section we will consider boundary conditions that fix the electric
field to vanish at the AdS boundary, such that electric charge is forbidden instead.
We thus look for a new dynamical bulk gauge field Vµ with asymptotic behavior given by
Vµ −−−→
ρ→π
2
Aµ , (3.18)
again up to normalization. Such a bulk field can be reconstructed at the boundary using a
similar calculation to the one used in the previous section. The explicit calculation can be
found in appendix C.2. Taking a flat limit as described in the previous section yields the
following expression for a gauge field in Minkowski space in terms of CFT operators
Vµ =L
8
1
π
∫
d3x′
∫
dk
∑
l,m
Y ml (Ωˆ
′)∗
−l(l + 1)e
ikL(π2−τ ′)eiktik
[
ǫ abτ ′ ∇aA+b (x′)
(
~r × d
d~r
)
− i
k
∇aA+a (x′)~∇×
(
~r × d
d~r
)]
i−ljl(kr)Y ml (Ωˆ)
+ h.c .
(3.19)
From this expression we can extract creation operators using formulas (3.10), this time applied
to the connection Vµ. The result reads
√
2ω~q ε
(λ)
µ v
†(λ)
~q =− i
L
8
∫
d3x′ eikL(
π
2
−τ ′)
[
ǫ abτ ′ ∇aA+b (x′)Xµ +∇aA+a (x′)Yµ
]
, (3.20)
where X and Y were defined in formula (3.16) above. Integrating by parts along the coordi-
nates of the sphere yields two dimensional delta functions on the S2, leading to a very simple
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result4
√
2ω~q v
†(−)
~q =
1
4ωq
1 + zq z¯q√
2
∫
dτ ′ eiω~qL(
π
2
−τ ′)∂τ ′A+z′(τ
′, z′q, z¯
′
q) ,
√
2ω~q v
†(+)
~q =
1
4ωq
1 + zq z¯q√
2
∫
dτ ′ eiω~qL(
π
2
−τ ′)∂τ ′A+z¯′(τ
′, z′q, z¯
′
q) .
(3.21)
The construction of the other operators follows as in the magnetic case. We conclude that
“dual” photons in flat space can be prepared in the conformal field theory by simply inserting
operators Aµ in a window of global time at τ
′ = π2 at a single point on the sphere specified
by the angle of the photon’s momentum ~q.
3.5 Coulombic source terms
In this section we have reconstructed bulk operators associated with radiative modes of a
gauge field and the operators appearing in formulas (3.17) and (3.21) capute just those contri-
butions. This has been achieved by finding specific kernels obeying the homogeneous Maxwell
equations. The bulk theory can however generally contain charged matter. For example, the
scalar particles considered in the previous sections could be complexified and charged under
the U(1) symmetry. This implies the existence of sources in the Maxwell equations, so that
we would have
∇µFˆµν = Jˆν , (3.22)
where the current operator Jˆµ can be constructed explicitly out of the scalar bulk operators.
In the context of scattering theory, interaction of the electromagnetic fields with sources
is ignored in the asymptotic regions. This is typically justified by arguing for asymptotic
decoupling. This also justifies our construction. In the next subsection, however, we will
demonstrate the conservation of the charges of asymptotic gauge transformations. In the
original flat space argument [30, 41] – as well as in our argument – the derivation of those
charges relies on the knowledge of the correct Lie´nard-Wiechert fields. Those contribute to
non-radiative gauge field modes in the bulk.
For the purpose of reconstructing asymptotic gauge fields, in addition to the radiative
reconstruction presented previously, our gauge field now also has a Coulombic (C) term like
Aˆ(C)µ (X) =
∫
dd+1Y Gµ,ν(X|Y )Jˆν(Y ) , (3.23)
where Gµ,ν is a bulk-to-bulk propagator in Lorenz gauge. Note that the expression above can
be written explicitly in the CFT by using the scalar bulk operator reconstruction formulas
4The reconstruction written here has been performed in terms of time derivatives of the operators Aµ for
future convenience, but expressions in terms of the operators alone can also be written.
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derived in appendix B. Because the current operator Jˆν is quadratic in the bulk scalar oper-
ator, formula (3.23) involves double trace operators constructed from the CFT operator dual
to the bulk scalar field.
At the boundary, the Coulombic gauge field (3.23) results in an additional contribution
to the boundary current
lim
ρ→π
2
Aˆ(C)µ (ρ, x) = cos ρ j
(C)
µ (x) . (3.24)
Expectation values of the current operator j
(C)
µ compute Lie´nard-Wiechert potentials at the
boundary of Anti-de Sitter space-time. This part of the current is also responsible for non-
trivial Ward-Identities in the conformal field theory, wich we will use in the next section
to study soft theorems in Minkowski space. The conserved current operator dual to the
asymptotic gauge field thus reads
jµ(x) = j
R
µ (x) + j
C
µ (x) , (3.25)
where jRµ (x) is the radiative part of the current appearing in formula (3.17). A similar story
can also be told for the dynamical gauge field playing a role in the reconstruction of bulk
fields with electric boundary conditions.
4 From conformal Ward identities to Weinberg soft theorems
In this note we have established a relation between operators in conformal theories and
creation/annihilation operators in flat space-time. We can now ask what the implications
of this connection are. The objective of this section is to show how Ward identities in a
three dimensional conformal field theory are related to Weinberg soft theorems in Minkowski
space-time in four dimensions. We start with a discussion on currents and Ward identities in
conformal field theories with global U(1) symmetry (and their S-transformations).
4.1 Ward identities in CFT
A bulk AdS4 theory containing a U(1) gauge field with “magnetic” boundary conditions is
equivalent to a conformal field theory with global U(1) symmetry. The charge under which
the operators O in the CFT transform has an associated conserved current operator jµ, which
is dual to the bulk gauge field. As explained in section 3.5, such a current has two pieces;
One comes from the radiative part of the gauge field, while the other one captures coulombic
contributions. Even though the total current is transverse, time ordered expectation values
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are only conserved up to contact terms5, which is made explicit by the Ward identities.
∂µ〈0|T{jµ(x)O(x1) · · · O(xn)O¯(y1) · · · O¯(ym)}|0〉
=

 n∑
i=1
qiδ
(3)(x− xi)−
m∑
j=1
qjδ
(3)(x− yi)

 〈0|T{O(x1) · · · O(xn)O¯(y1) · · · O¯(ym)}|0〉 . (4.2)
This formula will be used later to make a statement about the asymptotic symmetries of
QED in flat space-time.
Consider now allowing for a non-vanishing magnetic field at the boundary. This way,
magnetic monopoles can be introduced into the theories we are working with [42, 43]. They
consist of background connections Aµ that cannot be well-defined globally. From the back-
ground connection we can define a background field strength and its Hodge dual
fµν = ∂µAν − ∂νAµ and (∗f)µ = 1
2
ǫµνρfνρ . (4.3)
Magnetic monopoles are then background connections violating the Bianchi identity
∂µ(∗f)µ = χ , (4.4)
where χ is a source (see [44, 45] for an analysis on the space of solutions). One can think of
these monopoles as providing non-trivial charge to the topological current (∗f)µ.
After S-transformation of the CFT discussed in section 3.2, the field Aµ is dynamical,
and (∗f)µ is the conserved current of the theory. The breaking of the Bianchi identity can
then be written as a Ward identity associated to (∗f)µ,
∂µ〈0|T{(∗f)µ(x)M(x1) · · ·M(xn)M¯(y1) · · · M¯(ym)}|0〉
=

 n∑
i=1
giδ
(3)(x− xi)−
m∑
j=1
gjδ
(3)(x− yi)

 〈0|T{M(x1) · · ·M(xn)M¯(y1) · · · M¯(ym)}|0〉 ,
(4.5)
where gi are magnetic monopole charges, andM are magnetic monopole operators that cannot
be written locally in terms of the fields participating in the original CFT. Below, we will use
the magnetic version of the Ward identity to derive the magnetic asymptotic symmetries of
QED in flat space-time in the presence of magnetic monopoles.
5 This is especially easy to see in the derivation of the Ward identity in the operator formalism. Time
ordered correlators can be defined as
〈0|T{jµ(x)O(x1) · · · }|0〉 = 〈0|jµ(x)O(x1) · · · |0〉Θ(t > t1 > · · · ) + other orderings. (4.1)
The divergence of this correlator exhibits contact terms. When the divergence hits the current operator, the
result is trivial as the current is conserved. However when the derivative hits the multi-argument step-function,
terms involving the commutator [j0(x),O(xj)] appear. These are non-trivial due to the Coulombic part of the
current j
(C)
µ discussed in section 3.5.
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4.2 Weinberg soft theorems as symmetries of the S-matrix
We turn now to a brief discussion on Weinberg soft theorems in Minkowski space-time. Wein-
berg soft theorems can be seen to arise as a consequence of the asymptotic symmetries of
QED. In this section we briefly review this statement. We follow closely [46]. For more
details, see [16, 29, 47].
An infinite set of conserved charges can be constructed in Minkowski space-time. To see
this, we start with the Maxwell equations in the presence of electric and magnetic charges,
d ∗ F = ∗jE , and dF = ∗jM . (4.6)
The one-forms jE and jM are conserved in the sense that
d ∗ jE = d2 ∗ F = 0 , and d ∗ jM = d2F = 0 . (4.7)
More generally, we can define the following currents associated to any function ε(x), which
are also conserved
∗ jεE = d(ε ∗ F ) , and ∗ jεM = d(εF ) . (4.8)
The charges associated to these currents read
QεE(Σ) =
∫
Σ
∗jεE =
∫
Σ
(dε ∧ ∗F + ε ∗ jE) ,
QεM (Σ) =
∫
Σ
∗jεM =
∫
Σ
(dε ∧ F + ε ∗ jM ) .
(4.9)
The second terms in these expressions are weighted integrals of the electric/magnetic currents,
and they will be refered to as the “hard” terms. The first terms are linear in the electro-
magnetic field and create photons. Conservation implies that the S-matrix operator must
commute with these charges. We thus write
〈out|QεE/M (Σ+)S − SQεE/M(Σ−)|in〉 = 0 , (4.10)
where Σ± are late and early time Cauchy slices. Together with a few extra assumptions,
this can be shown to be equivalent to Weinberg soft theorems. We will now discuss this
equivalence briefly.
For simplicity, we will focus on a theory with electrically charged particles. Of particular
interest is the conservation law associated to parameters ε(xˆ) that only depend on the angular
coordinates. In this case, the photonic term in (4.9) involves photons with vanishing frequency,
which are known as “soft” photons. The soft part of the charges can be written as
QsoftE (Σ+) =
−1
8π2
lim
ω~q→0
ω~q
∫
d2z ε(z, z¯)
[
∂z¯
( √
2
1 + zz¯
√
2ω~q aˆ
(−)
~q
)
+ ∂z
( √
2
1 + zz¯
√
2ω~q aˆ
(+)
~q
)]
,
(4.11)
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where the creation operators appearing here involve a soft momentum vector ~q with magnitude
ω~q → 0 pointing in the direction specified by z, z¯. The charge at Σ− can be related to the
one at Σ+ through CPT invariance when inserted inside the S-matrix. We have
〈out|QsoftE/M (Σ+)S|in〉 = −〈out|SQsoftE/M (Σ−)|in〉 . (4.12)
This allows us to write the soft part of formula (4.10) as a scattering amplitude involving
charges only acting on outgoing states.
The hard part of the charges can also be written explicitly. We will consider currents
associated to point-like charged particles, such that
jµE(x) =
∑
i
qi
∫
ds pµi δ
(4)(x−Xi(s)) , (4.13)
where i labels each particle, and Xi(s) is the trajectory. Using this expression we can evaluate
the hard part of the charge and obtain
QhardE (Σ+) = limt→∞
∑
i
qi ε (x) |r= |~p|
p0
t,xˆ=pˆi
, (4.14)
and similarly for the early time Cauchy slice. Using formulas (4.14) and (4.11) and plugging
them in equation (4.10) yields a formula relating scattering amplitudes involving soft photons
with amplitudes involving exclusively hard particles. This is however, still not equivalent to
Weinberg’s soft theorem.
A further assumption on the Maxwell radiative data must now be made that makes the
two terms appearing in formulas (4.11) equal to each other. We need to require that magnetic
monopoles are absent, i.e.
Fzz¯|I+− = Fzz¯|I−+ = 0 . (4.15)
Lastly, a particular choice of function ε(x) yields Weinberg soft theorems. Focusing for
simplicity on massless charged hard particles, the choices (one for each polarization)
ε(x) =
1
z − z′ , and ε(x) =
1
z¯ − z¯′ , (4.16)
yield
〈out|√2ω~q a(±)~q S|in〉 ∼

∑
i
qi
pi · ǫ±
pi · q −
∑
j
qj
pj · ǫ±
pj · q

 〈out|S|in〉 . (4.17)
This result is well known as Weinberg’s soft photon theorem [15], and it relates a scattering
event involving a soft photon to a scattering event without it.
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Even though the results presented here involve only massless hard particles, it is possi-
ble to obtain soft theorems involving massive matter by implementing a different choice of
parameter ε(x). This was explored in detail in [29, 47]. In this case, the parameter reads
ε(x) =
∫
d2xˆ′
1
4π
t2 − r2
(t− rxˆ · xˆ′)2 ε(xˆ
′) . (4.18)
where ε(xˆ′) are the same as in equation (4.16). Under this choice, the second terms in the
expression for the charges (4.9) now yield the hard terms in Weinberg soft theorems. The
soft photon contributions are harder to deal with, but they can be shown to correspond to
formulas (4.11). The final result is the same as (4.17) above, except that the momenta pi are
also allowed to be time-like.
An alternative way of looking at the results presented here is that Weinberg soft theorems
imply the symmetries of the S-matrix as written in (4.10). However, in order to derive the soft
theorem from the statement about symmetries, one needs to make some extra assumptions
like (4.15). In the following section we will show how the map between scattering states and
conformal operators discussed in section 3, together with conformal Ward identities implies
the symmetries (4.10).
4.3 From CFT physics to soft theorems
We now would like to understand how the physics described in the previous subsection arise
from a statement in conformal field theories. Our first step is to construct a soft photon
scattering state as a CFT operator. We have discussed how to create photon scattering states
in section 3. We are now taking the soft limit ω~q → 0. We thus write
lim
ω~q→0
√
2ω~q a
(−)
~q = limω~q→0
lim
L→∞
−1
4ωq
1 + zq z¯q√
2
∫
dτ ′ e−iω~qL(
π
2
−τ ′)
∫
d2z′
1
z′ − zq ∂z
′j−z¯′(τ
′, z′, z¯′) ,
lim
ω~q→0
√
2ω~q a
(+)
~q = limω~q→0
lim
L→∞
−1
4ωq
1 + zq z¯q√
2
∫
dτ ′ e−iω~qL(
π
2
−τ ′)
∫
d2z′
1
z¯′ − z¯q ∂z¯
′j−z′(τ
′, z′, z¯′) .
(4.19)
Note hat the large L limit is taken before the soft limit. We can thus simply disregard the
exponential factor in the global time integral and integrate the current insertions over the
small widows of global time at τ = ±π2 which we denote I˜±, and obtain
lim
ω~q→0
√
2ω~q a
(−)
~q = limω~q→0
−1
4ωq
1 + zq z¯q√
2
∫
I˜±
d3x′
1
z′ − zqD
z¯′j−z¯′ (τ
′, z′, z¯′) , (4.20)
and similarly for annihilation operators. Scattering amplitudes involving soft photon modes
are then simply CFT correlators involving insertions of the conserved current. These are
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constrained by the CFT Ward identities written above in formula (4.2), which we repeat here
∫
d3xα(x)∂µ〈0|T{jµ(x)X}|0〉 =

 n∑
i=1
qiα(xi)−
m∑
j=1
qjα(yj)

 〈0|T{X}|0〉 . (4.21)
We have integrated the Ward identity over a specific region of the conformal theory. To
be precise, the region includes I˜±, and the complexifications ∂M± . In equation (4.21), X
stands for all insertions of primary operators charged under the U(1) current. Explicitly, we
have
X =
∏
i
Oi(xi)
∏
j
O¯i(yj) . (4.22)
By smearing the locations of the primary operators we can turn them into creation/annihilation
operators involving hard particles in Minkowski space, as shown in sections 2.4.1 and 2.4.2.
In the massless case, operators will be light and be placed in the regions I˜±, while in the
massive case, the operators will be heavy and will live on the Euclidean half-spheres ∂M±.
There is a particular choice of parameter α(x) that turns the right hand side of (4.21) into
the hard terms in Weinberg’s soft theorem. Namely,
α(x) = lim
ρ→π
2
∫
d2xˆ′
1
4π
cos2 ρ− cos2 τ
(sin τ − sin ρ xˆ · xˆ′)2 ε(xˆ
′) . (4.23)
This formula is derived in appendix D, and it obeys the property that at I˜± there is no time
dependence, such that
α(x)|I˜± = ε(xˆ) . (4.24)
This choice of parameter α(x), together with the choices (4.16) for ε(xˆ) turn the right hand
side of (4.21) into the hard part of Weinberg’s soft theorem. This includes both massless
and massive particles. We now need to show that an appropriate smearing of the left hand
side of (4.21) corresponds to the Minkowski soft charges discussed in the previous section.
The integral over the boundary receives contributions only from I˜± and the Euclidean half-
spheres ∂M±. All the primary operators in the correlator are located strictly on these regions.
Integrating by parts, and using the fact that α(x) is time independent for the contributions
at I˜± , we can write∫
d3x ∂µα(x)〈0|T{jµ(x)X}|0〉 =
∫
∂M±
d3x ∂µα(x) 〈0|T{jµ(x)X}|0〉
−
∫
I˜±
d3x ε(xˆ)
[
Dz〈0|T{jz(x)X}|0〉 +Dz¯〈0|T{jz¯(x)X}|0〉
]
.
(4.25)
The terms in the integral over Euclidean regions ∂M± involve only the Coulombic part of the
current and can be shown to vanish for the choice of α(x) written above in equation (4.23)6.
6 This could be checked explicitly in the CFT using the formula for the Coulombic part of the current
written in section 3.5. Such a check is actually non-trivial, as it involves the computation of multi-point
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The second line can also be shown to receive only contributions from the radiative part of
the current. We thus conclude that the right hand side of the Ward identity reads∫
d3xα(x)∂µ〈0|T{jµ(x)X}|0〉 =∫
I˜±
d3x ε(xˆ)
[
Dz〈0|T{j(R)z (x)X}|0〉 +Dz¯〈0|T{j(R)z¯ (x)X}|0〉
]
.
(4.26)
The current operators appearing here correspond to the following soft photon operators (ig-
noring the radiative label)
∫
I˜+
d3x ε(xˆ)Dz¯j−z¯ = lim
ω~q→0
2
π
ω~q
∫
d2zq ε(qˆ) ∂z¯q
( √
2
1 + zz¯
√
2ω~q a
(−)
~q
)
,
∫
I˜+
d3x ε(xˆ)Dzj−z = lim
ω~q→0
2
π
ω~q
∫
d2zq ε(qˆ) ∂zq
( √
2
1 + zz¯
√
2ω~q a
(+)
~q
)
.
(4.27)
This implies that the left hand side of the Ward identity is precisely the soft part of the charge
in Minkowski space at I+− , which was written explicitly in equation (4.11). Here, we have
only written explicitly the contributions from I˜+, but similar expressions can be written for
I˜−, which yield the soft charges at I−+ .
To put all the pieces together, we have concluded that the left hand side of the Ward
identity (4.21) turns into the insertions of the soft charge operators into the S-matrix. We
have also shown that the right hand side of the Ward identity turns into the insertions of
the hard charge operators. This concludes the proof that conformal Ward identities in CFT3
imply the invariance of the Minkowski S-matrix under the charges (4.9). One can further
proceed as in the previous section to show this implies Weinberg’s soft theorems.
4.4 From CFT physics to magnetic soft theorems
In the previous section, we have analyzed how the Ward identity in a conformal field theory
dual to an AdS theory with the standard boundary conditions leads to the invariance of the
S-matrix under the electric charges (4.9). Here, we analyze AdS theories with alternative
boundary conditions.
In section 3.4 (and appendix C.2), we have discussed the reconstruction of photon scat-
tering states as operators in a conformal field theory dual to an AdS theory with “electric”
correlators involving the double trace operators appearing in the definition of jCµ . The argument can also be
made simpler in the bulk by computing AdS Lie´nard-Wiechert potentials, which compute expectation values
of the Coulombic part of the current when evaluated at the boundary of AdS. For a sample calculation, see
appendix E.
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boundary conditions. As a reminder, such conditions fix the electric field at the boundary,
but allow the magnetic field created by magnetic monopoles in the bulk theory. The result of
the analysis is the creation/annihilation operators in equation (3.21), which we repeat here.
√
2ω~q v
(−)
~q =
1
4ωq
1 + zq z¯q√
2
∫
dτ ′ e−iω~qL(
π
2
−τ ′)∂τ ′A−z′(τ
′, z′q, z¯
′
q) ,
√
2ω~q v
(+)
~q =
1
4ωq
1 + zq z¯q√
2
∫
dτ ′ e−iω~qL(
π
2
−τ ′)∂τ ′A−z¯′(τ
′, z′q, z¯
′
q) .
(4.28)
In this section, we will be interested in the soft limit of these operators, such that ω~q → 0. Like
in the previous section, the soft limit is taken after the large L limit, so the CFT operators
are always integrated over the CFT regions I˜±. The CFT operators Aµ are dynamical gauge
fields, whose dual field strength obeys a broken Bianchi identiy. This was discussed in equation
(4.5), which we repeat here
∂µ〈0|T{(∗f)µ(x)X}|0〉 =

 n∑
i=1
giδ
(3)(x− xi)−
m∑
j=1
gjδ
(3)(x− yj)

 〈0|T{X}|0〉 . (4.29)
Here, X stands for insertions of CFT operators with magnetic charge. We will follow a
very similar strategy as in the previous section. We first integrate the Ward identity over
the locations of the operators in X such that they become asymptotic creation/annihilation
operators in Minkowski space. Choosing α(x) as in formula (4.23) makes the right hand side
of the Bianchi identity (4.5) turn into the hard part of Weinberg’s soft theorem, but with
magnetic charges instead of electric ones.
The treatment of the left hand side of (4.29) proceeds the same way as in the previous
section, which leads to∫
d3xα(x) ∂µ〈0|T{(∗f)µ(x)X}|0〉 =∫
I˜±
d3x ε(xˆ)
[
Dz〈0|T{(∗f)(R)z (x)X}|0〉 +Dz¯〈0|T{(∗f)(R)z¯ (x)X}|0〉
]
.
(4.30)
Where again, only the radiative part of the current appears. This can be written explicitly
in terms of the CFT gauge field operator A
(R)
µ . Droping the radiative label, we have∫
d3xα(x) ∂µ〈0|T{(∗f)µ(x)X}|0〉 =
2i
∫
I˜±
dτd2z ε(xˆ) [∂z¯〈0|T{∂τAz(x)X}|0〉 − ∂z〈0|T{∂τAz¯(x)X}|0〉] .
(4.31)
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The operators appearing in this expression can be written in terms of soft photon creation
operators as follows. For the term involving I˜+, we have∫
I˜+
dτd2z ε(xˆ) ∂z¯∂τA
−
z (τ, z, z¯) = lim
ω~q→0
4ω~q
∫
d2zq ε(qˆ)∂z¯q
( √
2
1 + zz¯
√
2ω~q v
(−)
~q
)
,
∫
I˜+
dτd2z ε(xˆ) ∂z∂τA
−
z¯ (τ, z, z¯) = lim
ω~q→0
4ω~q
∫
d2zq ε(qˆ)∂zq
( √
2
1 + zz¯
√
2ω~q v
(+)
~q
)
.
(4.32)
This implies
−2i
∫
I˜+
dτd2z ε(xˆ) [∂z¯〈0|T{∂τAz(x)X}|0〉 − ∂z〈0|T{∂τAz¯(x)X}|0〉] = 〈0|T{QsoftM (Σ+)X}|0〉 .
(4.33)
where we have defined the operator
QsoftM (Σ+) = −8i lim
ω~q→0
ω~q
∫
d2zq ε(qˆ)
[
∂z¯q
( √
2
1 + zz¯
√
2ω~q v
(−)
~q
)
− ∂zq
( √
2
1 + zz¯
√
2ω~q v
(+)
~q
)]
.
(4.34)
similar expressions can be written for the terms coming from the CFT region I˜−, and they
involve an operator QsoftM (Σ−) constructed out of creation and annihilation operators in the
asymptotic past. These are precisely expressions for magnetic soft charges in Minkowski
space. With this, we conclude that the broken Bianchi identity (4.29) implies the asymptotic
magnetic symmetries of a flat space theory with magnetic monopoles, upon the implementa-
tion of the map between creation/annihilation operators in Minkowski space and conformal
operators written in (3.21).
5 Conclusions
In this paper we have developed a method to construct CFT operators whose correlation
functions yield flat space S-matrix elements. This method was then applied to obtain CFT
operators dual to photon creation and annihilation operators. We could then reproduce well-
known features of the S-matrix – Weinberg soft theorems – within the framework of flat-space
holography. It has been argued that Weinberg soft theorems arise as the Ward identities of
asymptotic gauge transformations, also called large gauge transformations. Here, we have
demonstrated that they can also be thought of arising from CFT Ward identities in the
flat-space limit.
Given the methods presented in this paper, a natural next step would be to derive an
expression for fermion, non-abelian gauge field and graviton creation/annihilation opera-
tors. The latter will take the form of a smeared energy-momentum tensor, again localized
– 32 –
at τ = ±π2 for outgoing and incoming states, respectively. Obtaining results for fermion, as
well as non-Abelian gauge field scattering states would be a crucial step in reproducing phe-
nomenologically interesting scattering cross-sections from flat-space holography. Although it
is not obvious that calculating scattering amplitudes as CFT correlators would be any eas-
ier that modern perturbative methods, it allows to apply new techniques, like those of the
bootstrap program [11], to scattering cross-sections.
The flat limit of AdS/CFT might reveal more details about the infrared structure of flat
space-time. As an example, note that a crucial step in our analysis was to assume that the
energy as measured by a CFT observer is of order ωflatL and thus diverges in the flat space
limit. To obtain the soft theorems the energy is taken to vanish after the large L limit is
taken. This raises a question about the low-energy modes with CFT energies of order O(1).
For those modes the sum over quantum numbers κ does not turn into a continuum and they
should appear as IR modes in the bulk theory. It would be interesting to understand if those
modes are frozen or if there is dynamics associated with them. If the latter case is true, those
modes might be a mechanism for how information can be stored in the infrared in flat space.
We hope to be able to report results of this analysis in the near future.
Concerning the IR structure of flat space physics, it is well known that infrared diver-
gences trivialize the Fock basis S-matrix. The existence of these problematic divergences can
be tracked back to the assumption of asymptotic decoupling. The introduction of Faddeev-
Kulish states [48] solves this issue by dressing the scattering states with soft photons, in
such a way that the IR divergences of Weinberg soft theorems cancel the divergences of the
S-matrix, see also [49, 50]. While AdS/CFT acts as a natural IR regulator, IR divergences
will show up once the flat limit is taken. AdS/CFT suggests a solution related to that of
Faddeev-Kulish, by relaxing the condition of asymptotic decoupling. This could be done by
making use of the HKLL technology to reconstruct bulk operators that interact with the long
wavelength modes of the electro-magnetic field.
From the point of view of the CFT, flat space scattering states are a special class of
states which behave as if they were free for most of the CFT time-evolution. Equivalently,
we have found a set of non-local CFT operators which obey a simple creation/annihilation
operator algebra. From the point of view of AdS/CFT and in particular HKLL bulk re-
construction, the existence of such operators is not very surprising and can be explained in
terms of error-correcting codes [51]. For a different construction of CFT operators obeying
canonical commutation relations, see [52, 53]. Light ray operators [54] are another class of
non-local operators which again obey a simple but non-trivial algebra and it was shown in
[32] that in a Lorentz invariant CFT, certain operators reproduce the BMS algebra. It would
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be interesting to explore whether these operators are related to the ones discussed throughout
this work.
There have been several intriguing observations in the literature which hint at the pos-
sibility at a possibly exotic CFT might underlie flat space scattering, in the sense that the
calculation of scattering amplitudes can be understood in terms of correlation functions of
this CFT. We believe that this paper gives further insights into the structure of a dual theory
of flat space scattering. However, taking into account the absence of an explicit construction
of flat holography (which is available in AdS/CFT), one should perhaps understand the above
results as a toolbox to explore the qualitative features a putative theory dual to flat space
must have, rather than a bona-fide derivation of flat-space holography from AdS/CFT.
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A Complex coordinates on S2
The standard parametrization of a two-sphere is done with angles θ ∈ [0, π] and φ ∈ (0, 2π].
Alternatively, one can define complex coordinates z, z¯ such that
cos θ =
1− zz¯
1 + zz¯
, sin θ cosφ =
z + z¯
1 + zz¯
, sin θ sinφ = −i z − z¯
1 + zz¯
. (A.1)
The metric in these coordinates is
ds2 =
4dzdz¯
(1 + zz¯)2
. (A.2)
The Laplace operator eigenvalue equation obeyed by spherical harmonics,(
∂2θ +
1
sin2 θ
∂2φ + cot θ∂θ
)
Y ml (Ωˆ) = −l(l + 1)Y ml (Ωˆ), (A.3)
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takes a different form in the new coordinates,
(1 + zz¯)2∂∂¯Y ml (z, z¯) = −l(l + 1)Y ml (z, z¯). (A.4)
In complex coordinates, the Dirac delta function reads
δ(2)(Ωˆ, Ωˆ′) = δ(φ− φ′)δ(cos θ − cos θ′) = 1
2
(1 + zz¯)2δ(2)(z, z′) , (A.5)
The Greens fuction associated to the Laplace operator must obey the differential equation
(1 + zz¯)2∂∂¯G(z, z¯) =
1
2
(1 + zz¯)2δ(2)(z, z′)− 1
4π
, (A.6)
which is solved by
G =
1
4πi
log |z − z′|2 − 1
4π
log(1 + zz¯)− 1
4π
log(1 + z′z¯′) . (A.7)
In complex coordinates, the derivative operators read
sin θ∂θ = z∂ + z¯∂¯ , ∂φ = i(z∂ − z¯∂¯) . (A.8)
B Scalar HKLL operators
This section reviews operator reconstruction according to HKLL and derives the formulas
used in the main text. Long before and after the scattering, scalar fields obey the Klein-
Gordon equation. Normalizable solutions in AdS4, which are the ones we are interested in,
are linear combinations of modes of the form
φ±ω,l,m =
1
N∆,ω,l e
±iωτY ml (Ω)
(∗) sinl ρ cos∆ ρ 2F1
(
∆+ l − ω
2
,
∆+ l + ω
2
;∆− 1
2
∣∣∣ cos2 ρ) ,
(B.1)
where the superscript (∗) of the spherical harmonic Y ml (Ω) indicates that we should take the
complex conjugate for φ−ω,l,m. Those modes are only regular in the center of AdS (ρ = 0), if
ωκ,l = ∆+ l + 2κ , with κ ∈ Z+ . (B.2)
Normalization with respect the the Klein-Gordon inner product require that the normalization
constant is
N∆,κ,l = L
√
κ!Γ(∆ − 12)2Γ(κ+ l + 32 )
Γ(∆ + κ+ l)Γ(∆ + κ− 12)
. (B.3)
We will denote regular, normalized modes with φ±κ,l,m. General solutions of the free equations
of motion can thus be written as
φ(ρ, x) =
∑
κ∈Z+
∑
l,m
(
a+κ,l,mφ
+
κ,l,m + a
−
κ,l,mφ
−
κ,l,m
)
. (B.4)
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The modes φ±κ,l,m satisfy orthonormality relations, such that formula (B.4) can be promoted
to an operator statement through canonical quantization,
φˆ(ρ, x) =
∑
κ∈Z+
∑
l,m
(
aˆ+κ,l,mφ
+
κ,l,m + aˆ
−
κ,l,mφ
−
κ,l,m
)
. (B.5)
The dual operator at the boundary is then
O(x) =
√
4πΓ(32 )Γ(∆ − 12)
Γ(∆)
lim
ρ→π
2
cos−∆ ρ φˆ(ρ, x)
=
1
NO,κ,l
∑
κ∈Z+
∑
l,m
(
aˆ+κ,l,me
iωκ,lτY ml (Ω) + aˆ
−
κ,l,me
−iωκ,lτY ml (Ω)
(∗)
)
,
(B.6)
with
NO,κ,l =
√
Γ(κ+ 1)Γ(∆)Γ(∆ − 12)Γ(κ+ l + 32)
4πΓ(32 )Γ(∆ + κ+ l)Γ(∆ + κ− 12)
. (B.7)
The normalizing factor NO,κ,l ensures that the CFT two-point function is canonically nor-
malized.
The objective now is to write aˆ±κ,l,m in terms of the CFT operator O and plug the solution
back into (B.5) to obtain a representation of the bulk operator at the boundary. For this we
define positive and negative frequency parts of the boundary operator
O±(x) ≡ 1NO,κ,l
∑
κ∈Z+
∑
l,m
aˆ±κ,l,me
±iωκ,lτY ml (Ω)
(∗) . (B.8)
We can invert this formula to obtain
aˆ±in,κ,l,m =
NO,κ,l
π
∫ 0
−π
dτ ′
∫
d2Ω′O±(x′) e∓iωκ,lτ ′Y ml (Ω′)(∗) ,
aˆ±out,κ,l,m =
NO,κ,l
π
∫ π
0
dτ ′
∫
d2Ω′O±(x′) e∓iωκ,lτ ′Y ml (Ω′)(∗) .
(B.9)
The superscript (∗) instructs to use complex conjugation if we choose aˆ+κ,l,m. Plugging these
expressions back into (B.5) naively yields,
φˆ(ρ, x) =
NO,κ,l
π
∫
T
dτ ′
∫
d2Ω′

O+(x′) ∑
κ∈Z+
∑
l,m
e−iωκ,lτ
′
Y ml (Ω
′)φ+κ,l,m
+ O−(x′)
∑
κ∈Z+
∑
l,m
eiωκ,lτ
′
Y ml (Ω
′)∗φ−κ,l,m

 .
(B.10)
The integration region T for the time integral is between −π and 0 for in-fields and between
0 and π for out-fields. When the holographic coordinate is taken to the boundary, the kernels
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do not result in delta functions so that one would recover the boundary operator. This can
be resolved easily by extending the sum over κ to all integers Z. This can be done without
adding extra terms, by noting that the added modes integrate to zero against O+ or O−. We
conclude that
φˆ(ρ, x) =
∫
T
dτ ′
∫
d2Ω
[
K+(ρ, x;x
′)O+(x′) +K−(ρ, x;x′)O−(x′)
]
, (B.11)
where the kernel K+ = K
∗− reads
K+(ρ, x;x
′) =
1
NK,∆
∑
κ∈Z
∞∑
l=0
m=l∑
m=−l
eiωκ,l(τ−τ
′)Y ml (Ω)Y
m
l (Ω
′)∗ sinl ρ cos∆ ρ
× 2F1
(
−κ, l +∆+ κ;∆ − 1
2
∣∣∣ cos2 ρ) .
(B.12)
The normalization ensures that a canonically normalized operator gives canonically normal-
ized creation/annihilation operators in the flat space limit,
1
NK,∆ =
1
L
√
Γ(∆)
4π3Γ(∆− 12)Γ(32 )
. (B.13)
C Reconstruction of U(1) gauge fields in global AdS4
C.1 Reconstruction with “magnetic” boundary conditions
In this appendix we reconstruct local Maxwell fields in global AdS in terms of their boundary
values at the boundary of Anti-de Sitter space. We will first consider AdS/CFT with magnetic
boundary conditions, such that the dynamical part of the gauge field asymptotes to a CFT
current as
Aµ(ρ, x) −−−→
ρ→π
2
cos ρ jµ(x) . (C.1)
This defines the normalization for the current. In order to have a current two-point function
with a particular normalization, an appropriate constant normalization factor has to be added
to (C.1). In this appendix we will consider a bulk gauge field in Lorenz gauge. Gauge fixed
fields can be considered physical observables, but they will have commutators that are local
only to the extent allowed by the gauge constraint (see [40] for a nice discussion). Solutions
to the Maxwell field equations with the boundary conditions (C.1) in Lorenz gauge can be
constructed from a set of three different modes
AV,l,mµ =L−2ǫ ντρµ e±iωτ cos2 ρRV (ρ)∇νY ml (Ωˆ) ,
AS,l,mµ =L−2(l(l + 1)− ω2)ǫ νθφµ sin−1 θ cot2 ρ Y ml (Ωˆ)∇ν(e±iωτRS(ρ)) ,
AG,l,mµ =L−2∇µ
[
e±iωτQ(ρ)Y ml (Ωˆ)
]
.
(C.2)
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Here, ǫ is the Levi-Civita tensor with respect to the full metric. The indices V , S, and G
stand for “vector” and “scalar”-type degrees of freedom, as well as residual “gauge”. The
naming convention is motivated by the transformation behavior under SO(2) [55]. We will
completely ignore the pure gauge modes in what follows. The scalar-type solution given here
is not in Lorenz gauge, but can be brought to the required form by a gauge transformation,
AS,l,mµ → AS,l,mµ +∇µχ with χ = e±iωτ∂ρ(RS(ρ))Y ml (Ωˆ) . (C.3)
The radial functions appearing in the above ansatz obey a hypergeometric differential equation
R′′V/S +
(
ω2 − l(l + 1)
sin2 ρ
)
RV/S = 0 . (C.4)
The solutions with the right fall-off at the boundary are
RV (ρ) = sin
l+1 ρ cos ρ 2F1
(
2 + l − ω
2
,
2 + l + ω
2
;
3
2
∣∣∣ cos2 ρ) ,
RS(ρ) = sin
l+1 ρ 2F1
(
1 + l − ω
2
,
1 + l + ω
2
;
1
2
∣∣∣ cos2 ρ) . (C.5)
These functions are well behaved when expanded around the boundary, but present singular
behavior when expanded around the center of AdS. In the asymptotic regions away from
the scattering regions, this is unacceptable, since we should be able to trust the free field
expansion. Like in the scalar case, the issue can be fixed by quantizing the frequency ω. For
the case of the vector-type degree of freedom, we must have
ωV = 2 + l + 2κ , with κ ∈ Z+ , (C.6)
while for the scalar-type we must choose
ωS = 1 + l + 2κ , with κ ∈ Z+ . (C.7)
Let us also note that l ≥ 1, since the solutions with l = 0 are pure gauge. This yields the
spectrum of one-particle states in the AdS Fock space [56]. A general solution of the Maxwell
field equations in AdS with the boundary conditions (C.1) can thus be expanded as
Aµ =
∑
κ∈Z+
∑
l,m
[
1
N V a
V
κ,l,mAV,κ,l,mµ +
1
N S a
S
κ,l,mAS,κ,l,mµ
]
+ c.c. , (C.8)
where AV/S,κ,l,mµ are the modes in (C.2) with their respective quantized positive frequencies,
while “c.c.” constains the contributions from the negative frequencies. The normalization
constants
N V =
√
4Γ(κ+ 32 )Γ(κ+ l + 2)
l(l + 1)πΓ(κ+ 1)Γ(κ + l + 32)L
2
,
N S =
√
Γ(κ+ 12)Γ(κ+ l + 1)
l(l + 1)πΓ(κ+ 1)Γ(κ + l + 32)L
2
,
(C.9)
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ensure that the field is unit normalized with respect to the inner product induced by the
symplectic potential. The boundary operator can now be defined simply as
jµ = lim
ρ→π
2
cos−1 ρAµ. (C.10)
Regarding this formula as an operator equation, the objective is to invert it and obtain the
operators a
V/S
κ,l,m in terms of jµ. In the scalar case if scalar fields, the modes are simple
spherical harmonics and exponential functions of global time. Here, the math is slightly
more complicated due to the appearance of derivatives. Those complications can be bypassed
by reconstructing a
V/S
κ,l,m in terms of derivatives of the current operator jµ. This is done by
inverting formula (C.10) after acting with derivatives with respect to the coordinates at the
boundary in both sides. For example, for outgoing modes, the result reads
aVκ,l,m =
NV
−il(l + 1)
1
π
∫ π
0
dτ ′
∫
d2Ω′ ǫ abτ ′ ∇aj+b (x′)Y ml (Ωˆ′)∗e−i(2+l+2κ)τ
′
,
aSκ,l,m =
NS
−il(l + 1)ωS
1
π
∫ π
0
dτ ′
∫
d2Ωˆ′∇aj+a (x′)Y ml (Ωˆ′)∗e−i(1+l+2κ)τ
′
.
(C.11)
Here, j+µ is the positive frequency part of the current and ǫabc is the boundary metric com-
patible Levi-Civita tensor.The latin indices run over the directions in the S2. The negative
frequency part appears in the terms “c.c.” written in formula (C.8). Naively we could plug
this back in our expression for the bulk gauge field, but a subtlety must be first addressed.
As in the scalar case, we will extend the sum over κ to all integers and not just the positive
ones. This can be done trivially, as the added modes integrate to zero against the positive
frequency part of the current j+µ . We thus conclude
Aµ(x) =
∫
d3x′
[
KVµ (ρ, x, x
′) ǫ abτ ′ ∇aj+b (x′) +KSµ (ρ, x, x′)∇aj+a (x′)
]
+ h.c . (C.12)
where we have defined two different kernels
KVµ (x, x
′) =NV 1
π
∑
κ,l,m
Y ml (Ωˆ
′)∗
−il(l + 1)A
V,κ,l,m
µ e
−iωV τ ′ ,
KSµ (x, x
′) =NS 1
π
∑
κ,l,m
Y ml (Ωˆ
′)∗
−il(l + 1)ωSA
S,κ,l,m
µ e
−iωcτ ′ .
(C.13)
One can integrate equation (C.12) by parts along the S2 and re-express this results as integrals
over the current, instead of its derivatives.
C.2 Reconstruction with “electric” boundary conditions
We now look for a bulk gauge field with the fall-off behavior
Vµ(ρ, x) −−−→
ρ→π
2
Aµ(x) . (C.14)
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Here, this defines the normalization of the CFT gauge field two-point function. The solutions
of the Maxwell field equations can still be written as in equation (C.2),
VV,l,mµ =L−2ǫ ντρµ e±iωτ cos2 ρRV (ρ)∇νY ml (Ωˆ) ,
VS,l,mµ =L−2(l(l + 1)− ω2)ǫ νθφµ sin−1 θ cot2 ρ Y ml (Ωˆ)∇ν(e±iωτRS(ρ)) ,
VG,l,mµ =L−2∇µ
[
e±iωτQ(ρ)Y ml (Ωˆ)
]
,
(C.15)
together with the gauge transformation (C.3) acting on the scalar type solution. The radial
dependence of of the normalizable modes is now exchanged with respect to the magnetic case,
so we have
RS(ρ) = sin
l+1 ρ cos ρ 2F1
(
2 + l − ω
2
,
2 + l + ω
2
;
3
2
∣∣∣ cos2 ρ) ,
RV (ρ) = sin
l+1 ρ 2F1
(
1 + l − ω
2
,
1 + l + ω
2
;
1
2
∣∣∣ cos2 ρ) . (C.16)
Demanding regularity of the solutions around the center of AdS4 yields the same quantization
of frequencies
ωV = 2 + l + 2κ , with κ ∈ Z+ ,
ωS = 1 + l + 2κ , with κ ∈ Z+ .
(C.17)
The full gauge connection can thus be written as
Vµ =
∑
κ∈Z+
∑
l,m
[
1
N ′V
vVκ,l,mVV,κ,l,mµ +
1
N ′S
vSκ,l,mVS,κ,l,mµ
]
+ h.c . (C.18)
We now want to obtain the coefficients v
V/S
κ,l,m in terms of the boundary operator bµ. Following
the same method as above, we find
vSl,m =
N ′S
−l(l + 1)
1
π
∫ π
2
−π
2
dτ ′
∫
d2Ω′ ǫ abτ ′ ∇aA+b (x′)e−iωSτ
′
Y ml (Ω
′)∗ ,
vVl,m =
N ′V
−l(l + 1)
1
π
∫ π
2
−π
2
dτ ′
∫
d2Ω′∇aA+a(x′)e−iωV τ ′Y ml (Ω′)∗ .
(C.19)
Much like before, we will sum over all values of κ and not just the positive ones. This can
be done without trouble as the extra modes integrate to zero against the positive frequency
part of j˜µ. A similar statement can be made for the modes appearing in the “h.c.” part of
equation (C.18), which involve the negative frequencies. We conclude that the result is
Vµ(x) =
∫
d3x′
[
K˜Sµ (ρ, x;x
′) ǫ abτ ′ ∇aA+b (x′) + K˜Vµ (ρ, x;x′)∇aA+a (x′)
]
+ h.c . (C.20)
– 40 –
where we have defined two different kernels
K˜Sµ (ρ, x;x
′) =N ′S
1
π
∑
κ,l,m
Y ml (Ω
′)∗
−l(l + 1)V
S,κ,l,m
µ e
−iωSτ ′ ,
K˜Vµ (ρ, x;x
′) =N ′V
1
π
∑
κ,l,m
Y ml (Ω
′)∗
−l(l + 1)V
V,κ,l,m
µ e
−iωV τ ′ .
(C.21)
D Parameter α(x)
In this appendix we justify the choice of parameter α(x) made in section 4.3. The logic we
follow mirrors the strategy used in flat space when deriving Weinberg soft theorems from the
asymptotic symmetries of the QED S-matrix. When only massless particles are present in flat
space, I± can be considered complete Cauchy slices, and the choice of parameter in formula
(4.16) yield the desired results. We repeat here this choice.
ε(x) =
1
z − z′ , and ε(x) =
1
z¯ − z¯′ . (D.1)
When discussing massive particles, one must extend this choice to time-like infinity i±. This
is done by realizing that the parameter ε(xˆ) is associated to a large gauge transformation,
such that
Aµ = ∇µΛ , with Λ|I+ = ε(xˆ) . (D.2)
Such a large transformation can now be extended into the bulk of Minkowki space by making
use of Lorenz gauge
∇µAµ = ∇2Λ = 0 . (D.3)
The solution is simply
Λ(x) =
∫
d2xˆ′G(x; xˆ′) ε(xˆ′) , (D.4)
for a kernel G(x; xˆ′) obeying the massless Laplace equation and the boundary condition
lim
x→I+
G(x; xˆ′) = δ(2)(xˆ, xˆ′) . (D.5)
Such a kernel can be written explicitly as follows. A solution of the massless Laplace equation
can be expanded in the following set of regular modes
Λl,m(x) = Y
m
l (xˆ)Fl
( r
u
)
, with Fl(R) = R
l
2F1 (l, l + 1; 2l + 2| − 2R) . (D.6)
We will thus look for a solution of the form
G(x; xˆ′) =
∑
l,m
cl,mΛl,m(x) . (D.7)
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At the null boundary, we have
lim
r→∞G(x; xˆ
′) =
∑
l,m
cl,mY
m
l (xˆ)
Γ(2 + 2l)
2lΓ(l + 1)Γ(2 + l)
. (D.8)
This is indeed a delta function as in (D.5) if
cl,m = Y
m
l (xˆ
′)∗
2lΓ(l + 1)Γ(2 + l)
Γ(2 + 2l)
. (D.9)
we thus conclude
G(x; xˆ′) =
∑
l,m
2lΓ(l + 1)Γ(2 + l)
Γ(2 + 2l)
Y ml (xˆ
′)∗Y ml (xˆ)Fl
( r
u
)
. (D.10)
Performing the sum explicily yields
G(x; xˆ′) =
1
4π
t2 − r2
(t− rxˆ · xˆ′)2 . (D.11)
This justifies the choice (4.18) in the main text.
The calculation in AdS is very similar. In the absence of massive particles, the CFT
regions I˜± are the only ones playing a role, and the choice α(x) = ε(xˆ) yield the correct
result. When massive particles are included in the calculation, one must choose the value of
α(x) in the Euclidean half-spheres ∂M±. We define them by noting that α(x) corresponds to
a large gauge transformation, such that it can be extended into the bulk using Lorenz gauge.
We thus must solve the massless Laplace equation for a parameter Λ(x) with boundary
conditions
Λ(x)|I˜+ = ε(xˆ) . (D.12)
We will use the following regular modes obeying the massless Laplace equation
Λl,m(x) = Y
m
l (xˆ)Fl
(
sin ρ
sin τ − sin ρ
)
, with Fl(R) = R
l
2F1 (l, l + 1; 2l + 2| − 2R) .
(D.13)
The region I˜+ corresponds to taking ρ→ π2 as well as τ → π2 , meaning that the argument in
Fl(R) becomes large. In such a limit, we have
Λl,m(x)|I˜+ =
∑
l,m
cl,mY
m
l (xˆ)
Γ(2 + 2l)
2lΓ(l + 1)Γ(2 + l)
. (D.14)
We thus conclude that the gauge parameter in the bulk reads
Λ(x) =
∫
d2xˆ′ ε(xˆ′)
∑
l,m
2lΓ(l + 1)Γ(2 + l)
Γ(2 + 2l)
Y ml (xˆ
′)∗Y ml (xˆ)Fl
(
sin ρ
sin τ − sin ρ
)
. (D.15)
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performing the sum explicitly yields
Λ(x) =
∫
d2xˆ′
1
4π
cos2 ρ− cos2 τ
(sin τ − sin ρ xˆ · xˆ′)2 ε(xˆ
′) . (D.16)
The value of this gauge parameter in the Euclidean half spheres is obtained by sending ρ→ π2 ,
as well as analytically continuing τ in the imaginary direction. For ∂M+, we have τ = π2 + iτ˜ ,
such that
Λ(x)|∂M+ =
∫
d2xˆ′
1
4π
sinh2 τ˜
(cosh τ˜ − xˆ · xˆ′)2 ε(xˆ
′) . (D.17)
This concludes the justification for formula (4.23) in the main text.
E AdS Lie´nard-Wiechert potentials
In this appendix we compute the Lie´nard-Wiechert potential associated to a particle prop-
agating in Anti-de Sitter space-time. Using the linearity of electro-magnetism in the region
of asymptotic decoupling, one can build solutions involving several particles by adding the
solutions of the form presented here.
Lie´nard-Wiechert gauge fields are classical solutions to the heterogeneous Maxwell equa-
tion
∇µFµν = Jµ . (E.1)
The current for a single charged particle reads explicitly
Jµ(Y ) = q
∫
ds
∂Xν(s)
∂s
δ(4) (Y −X(s)) . (E.2)
We will first analyze massive particles. The strategy we will follow will be to find the solution
for a stationary particle located at the origin, and then use the AdS isometries to obtain the
solution for a particle following a generic time-like geodesic. The solution for the stationary
case in global coordinates reads
A(C)µ = q cot ρ δτµ , (E.3)
where the label (C) is a reminder that we are chosing a particular homogeneous (radiative)
solution, namely that of no radiation if the particle is at rest. The solution written above
diverges at the location of the charge, ρ = 0. We now act with an AdS isometry on this
solution, to obtain the gauge field associated to a particle moving along a generic time-like
geodesic.
Isometries of AdS can be easily described in embedding space, with line element
ds2 = −dX21 − dX22 + dX23 + dX24 + dX25 . (E.4)
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The embedding of AdS in such space reads
X1 = L
cos τ
cos ρ
, X2 = L
sin τ
cos ρ
,
X3 = L tan ρ sin θ cosφ , X4 = L tan ρ sin θ sinφ , X5 = L tan ρ cos θ .
(E.5)
The SO(2, 4) isometries of AdS are then translations, boosts, and rotations in embedding
space. We are interested only in transformations that keep the particle at the origin at τ = 0,
such that the particle remains inside the scattering region as the flat limit is taken. We further
require a transformation that makes the new geodesic hit the point τ = π/2 with cos ρ = m/ω
at an angle pˆ. Such a geodesic will hit the complexified boundary ∂+M at the point (2.36),
which means that this geodesic is the one followed by particles creating the desired scattering
states in Minkowski space-time. Such geodesics can be obtained by transforming embedding
coordinates with a boost along X2 and a rotation. Explicitly,
X ′I = ΛIJX
J , with ΛIJ = R
I
KB
K
J , (E.6)
with rotation and boost matrices given by
R =


1 0 0 0 0
0 1 0 0 0
0 0 − sin θp cosφp cos θp cosφp sinφp
0 0 − sin θp sinφp cos θp sinφp − cosφp
0 0 − cos θp − sin θp 0


, B =


1 0 0 0 0
0 ωm − |~p|m 0 0
0 − |~p|m mω 0 0
0 0 0 1 0
0 0 0 0 1


. (E.7)
The embedding space vector X ′ defines new coordinates ρ′, τ ′, xˆ′ in the form of an embedding
like equation (E.5). Explicitly, the new coordinates are related to the old ones as follows
tan τ =
ω sin τ ′ − |~p| sin ρ′Ω′ · pˆ
m cos τ ′
,
cos ρ =
cos ρ′
cos τ ′
1√
1−
(
ω sin τ ′−|~p| sin ρ′xˆ′·pˆ
m cos τ ′
)2 ,
cos θ = − sin ρ
′
cos τ ′
∂φp(pˆ · xˆ′)
sin θ′
1√
1− cos2 ρ′
cos2 τ ′
−
(
ω sin τ ′−|~p| sin ρ′xˆ′·pˆ
m cos τ ′
)2 ,
tanφ =
m sin ρ′
|~p| sin τ ′ − ω sin ρ′pˆ · xˆ′ ∂θp(pˆ · xˆ
′) .
(E.8)
With these expressions at hand, we are now ready to compute
A(C)µ′ (x′) =
∂xµ
∂xµ′
A(C)µ (x) . (E.9)
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The result for the gauge field is generally complicated. However, expressions simplify when
approaching the boundary, which is where we want to evaluate the Lie´nard-Wiechert fields.
For example, at ρ′ = π2 and τ
′ = π2 , we have
〈jτ ′
(
τ ′ =
π
2
, xˆ′
)
〉 = lim
ρ′→π
2
,τ ′→π
2
1
cos ρ′
Aτ ′ = q m
2
(ω − p · xˆ′)2 . (E.10)
This result can be used to make the argument of section 4.3. There, we used that∫
∂M+
d3x ∂µα(x)〈jµ〉 = 0 , (E.11)
where, as a reminder, the parameter α(x) is chosen to be
α(x) = lim
ρ→π
2
∫
d2xˆ′
1
4π
cos2 ρ− cos2 τ
(sin τ − sin ρ xˆ · xˆ′)2 ε(xˆ
′) . (E.12)
To see this, we first integrate by parts∫
∂M+
d3x ∂µα(x)〈jµ〉 =
∫
τ=π
2
d2xˆ ε(xˆ) 〈jτ 〉 −
∫
∂M+
d3xα(x)∂µ〈jµ〉 . (E.13)
In the first term we have used the fact that the parameter α(x) becomes ε(xˆ) in the CFT
region I˜+. This term can be written explicitly using (E.10), which results in∫
τ=π
2
d2xˆ ε(xˆ) 〈jτ 〉 = q
∫
d2xˆε(xˆ)
m2
(ω − p · xˆ′)2 . (E.14)
In the second term, we can invoke the Ward identity to obtain a delta function for the
insertion of an operator at xˆ = pˆ and τ = π2 + i log
√
ω+m
ω−m . The value of α(x) at that location
is simply ∫
∂M+
d3xα(x)∂µ〈jµ〉 = q
∫
d2xˆ′ ε(xˆ′)
m2
(ω − p · xˆ′)2 . (E.15)
Combining (E.15) and (E.14) we immediately arrive at the desired result (E.11). Note that
the calculations here involve a single particle in AdS and a single operator insertion in the
CFT. However, the bulk calculations can be easily generalized to include more particles due
to the linearity of electro-magnetism in the region of asymptotic decoupling.
In section 4.3, we also argued that the Coulombic current does not contribute to the
second line of (4.25). This can also be checked with the explicit form of the Lie´nard-Wiechert
potentials calculated here, which yield vanishing expectation values 〈jz〉 and 〈jz¯〉 at I˜+.
A similar argument was also made for the case of electric boundary conditions in section
4.4. In that case, a topological current was constructed, and the relation of interest is∫
∂M+
d3x ∂µα(x)〈(∗f)µ〉 = 0 , with f = dA . (E.16)
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This can be proven following a similar logic as the one above. We start with a stationary
magnetic monopole in anti-de Sitter space. The Lie´nard-Wiechert field associated to such
object reads
V(C)µ = g cos θ δφµ . (E.17)
One can then act on this result by an isometry of AdS such that the geodesic followed by the
particle hits the point of the CFT where an operator must be inserted in order to create a
scattering state. A calculation similar to the one above results in
〈(∗f)τ ′
(
τ ′ =
π
2
, xˆ′
)
〉 = lim
ρ′→π
2
,τ ′→π
2
ǫ a
′b′
τ ′ ∂a′Vb′ = g
m2
(ω − p · xˆ′)2 . (E.18)
This result mirrors the one concerning electrical charges in formula (E.10). The rest of the
proof leading to (E.16) follows verbatim.
F Sample calculations
In this section, we will calculate two simple quantities. This mostly serves as a sanity check
and to illustrate calculation techniques. Throughout the paper we have chosen normalizations
such that a canonically normalized CFT scalar two-point function gives a correctly normalized
S-matrix element. Hence, there is no need to fix the normalization.
F.1 One-to-one scattering
As an example, we will compute the one-to-one scattering amplitude of a massless scalar field.
〈aout,qa†in,p〉 =
(−1)
√
242
L8ω5pω
5
q
∫∫ π
2
L
−π
2
L
dtdt′eiωqLt−iωpLt
′〈O−
(
t′
L
+
π
2
, qˆ
)
O+
(
t
L
− π
2
,−pˆ
)
〉.
(F.1)
It is now helpful to use the spectral decomposition of the operators. For a free theory we
have that
O±(τ,Ω) =
∑
κ,l,m
√
4π
3
Γ(κ+ l + 3)Γ(κ+ 52)
Γ(κ+ 1)Γ(κ+ l + 32)
e±iωκ,lτY ml (Ω)a
±
κ,l,m. (F.2)
The creation/annihilation operators a±κ,l,m act on the CFT vacuum and result in Kronecker-
deltas which set the κ, l,m modes to be the same for both operators. Plugging this into
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equation (F.1) we obtain after performing the t integrals,
〈aout,qa†in,p〉 =
−16
L4ω3p
(2π)3
ω2p
δ(ωp − ωq)
·
∑
κ,l,m
Y ml (qˆ)Y
∗m
l (−pˆ)eiωpπLδ
(
ωp −
(
2κ+ l + 3
L
))
Γ(κ+ l + 3)Γ(κ+ 52)
Γ(κ+ 1)Γ(κ+ l + 32)
.
(F.3)
The phase factor becomes eiωpπL = (−1)l+3. We can turn the sum over κ into an integral
over x = 2κL . The integration can then be performed using the delta function. This results in
〈aout,qa†in,p〉 =
(
2
Lωp
)3 (2π)3
ω2p
δ(ωp − ωq)
∑
l,m
Y ml (qˆ)Y
∗m
l (pˆ)
Γ(ωL+l+32 )Γ(
ωL−l+2
2 )
Γ(ωL−l−12 )Γ(
ωL+l
2 )
. (F.4)
In the large L limit, the gamma functions become independent of the angular momentum
quantum number l. The sum over spherical harmonics can be performed and the Gamma
functions exactly cancel the first factor. Finally, we obtain
〈aout,qa†in,p〉 =
(2π)3
ω2p
δ(ωp − ωq)δ(2)(pˆ − qˆ) = (2π)3δ(3)(~p− ~q). (F.5)
F.2 One particle-state normalization
Another aspect of our proposal is that the in- and out- Fock space is constructed using positive
and negative frequencies of operators located at ∓π2 . We should thus be able to calculate
inner products between states in any of the asymptotic Fock spaces. For definiteness, we take
the out-Fock space, which is obtained by acting with operators a†out,p on the vacuum. The
vacuum is defined by the condition that it is annihilated by all aout,p. Here, we will show that
the one-particle state is canonically normalized, that is, we want to calculate
〈aout,qa†out,p〉 =√
242
L8ω5pω
5
q
∫∫ π
2
L
−π
2
L
dtdt′eiωqLt−iωpLt
′〈O−
(
t′
L
+
π
2
, qˆ
)
O+
(
t
L
+
π
2
,−pˆ
)
〉.
(F.6)
This time, after performing the time-integrals, we obtain
〈aout,qa†out,p〉 =
16
L4ω3p
(2π)3
ω2p
δ(ωp − ωq)
∑
κ,l,m
Y ml (qˆ)Y
∗m
l (pˆ)e
iωpπLδ
(
ωp −
(
2κ + l + 3
L
))
Γ(κ+ l + 3)Γ(κ+ 52)
Γ(κ+ 1)Γ(κ + l + 32)
.
(F.7)
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Note that in comparison with the S-matrix element calculated above, the overall sign and
the argument of the spherical harmonics differ. In addition, the phase factor evaluates to
eiωpπL = 1. The rest of the calculation is exactly the same as above and the result reads
〈aout,qa†out,p〉 =
(2π)3
ω2p
δ(ωp − ωq)δ(2)(pˆ− qˆ) = (2π)3δ(3)(~p − ~q). (F.8)
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